1 Scalar and Vector
Triple Product

@ Introduction

We have seen that the Cross product of two vectors b and ¢ i. e., b xCisa vector which
is perpendicular to both b and ¢ and its direction is such a way that b ¢ and b x ¢ forma
- right handed system. In this chapter we consider dot and cross product of bx¢ by another

| . <
~ vector a from the left ie., @-(bx¢) and @ x (b x ¢). The first product, which is a scalar

quantity is called scalar triple product and the second one, which is a vector quantity is
~ called vector triple product.

@ Scalar Triple Product )

= 77 - - 7P 2
Let a, b, ¢ be three vectors. Then a-(b x ¢) is called the scalar triple product or box

- -
- product of the three vectors 3, Z and ¢ and it is denoted also by [3 b E)] or [?z), b, 7:)].

=3 o 5 = 2 4 ”, & iy % . & 3 A &
Leta:all+a2J +a3k’b=bll+sz +b3k,C=Cll+C2J +C3k,WheI'el, J,kare

three unit vectors along the axes.

. ij k| ) .
Now bxc = |1 by bBs| = i(bgeg — bacy) — J(bicg — bscy) + k(bycy — bocy)
¢ C2 C3
Now, E)-(g x C) = (@l + az_;' + agk)-{bocs — bsco)i — (bycg — bgey) J + (byco — bzcl)fa

= a;(bocs — bacg) — ag(bicz — b3ey) + az(bicy — byey)

[... : : } ‘; = k-k =1 and 1] = 3‘; = :]\ﬁ = E:} = E.’i — iie —
a ay ag
by b b3
| g C2 C3
E . = ap ay ag
- Therefore a(b x¢) = [@bcl=|b by b
€1 C2 (g

[1087]
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W Theorem-2 : The necessary and sufficient condition for the coplanarity of the

L 4

-
three non-null vectors 3, Z, ¢is 3-(3 x ¢)=0ie, [ab ¢] = 0.

Proof : The condition is necessary :
7 >
lie in the same plane. Now the vectors bxcis

Let the three non-null vectors E), 3, ¢
perpendicular to the plane of Z and ¢. Hence it is perpendicular to a [ a,b, ¢ are

coplanar].

A 3-(3 x ¢) =0 or, [333] =0

The condition is sufficient :

Let a(bx¢)=1[a b ¢l=0

Now a-( Z x ¢) = 0 implies the vector a is perpendicular to bxC. Again Z x ¢ is a vec-
tor perpendicular to the plane of b and €. Therefore @ is perpendicular to the normal

to the plane of Z and ¢. Hence @ lies in the plane of Z and ¢. Therefore c_z), _b-), ¢ are
coplanar.
® Some Observations :
@) [@aB8¢l=[6cal=[¢dBl=—-[6a¢l=-[dCbl=-[C5 a]
As[383l=3a(bxC)=a«Exbl=-a-(xb)=—[a < B]

Similarly we can show the other relation.
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\\\\

ax(bxc) (a c)b (a- b)c

-

and (a x b)x ¢ --—c x (@ x b)-——[(? _5)3—-(-8.3)3]=(3-3)b—(?-b)a=(a-c)b—

-. In general a x (b x ¢)# (@ x B)x ¢
. The associative property for vector mu1t1p11cat10n is not holds in general.

Partlculaﬂy, ax(®xd)=(@x b) X C
or, (d-9)b - (@-5)¢ = @- c)b (3-B)3 or, (¢- Ba-(@-5)e=0
or(b a-(3-3e=0 or, bx(aXC)- '
Therefore for three proper vectors a, b, c,

a x (_I; x ¢) = (a x '8) x © _if"g is parallel to @ or —l; is perpendicular to a and ¢.
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eciprocal System of
o Reclprocal System of Vectors
Two system of three non-cop]
stem of vectors i.e. any one : :: T vectors a b ¢ and a b' ¢ are said to be reciprocal
sy - , I ystem is reciprocal of other 1f
a-a = b b ¢ =1 (1)
anda-b’' =b-a =-*>_cr=2?.g'___3.é3=-c->.l;*,=0 . (2)
—-) - -
a,b c’mtermsofa b c.

Now we will ﬁnd the expressions of
-

From (@ a-b=a-¢=0

- . =

o is perpendicular to b and ¢

o is parallel to the vector b x 2.
-

Let a’ = A(b x ¢) [where A is a scalar]

Now from (1) a-a=1

LA xD=1=2AlEbcl=1

. - 7 -
[since a, b, ¢ are non-coplanar]

A— - =
[a b c]
- -
- (bxc)
L= TT55
[abcl N o 2
— - %
Similarly, we get b’ = jii and ¢’ = z_H
[a b c] [abcl
and (2), we can easily find that

Now. from the symmetry of the equations (1)
- o

-5 -
g -
C

-5 o A
<3 b'xc g c¢’xa _
a= ,y O = ’ = oo

[a'b' ¢ @b ¢ [a’b"c’]

b ik x i = J, we see from the above results that

Since[i}E]:landfx}=k;jxk=
i, 5, b is the set of self reciprocal system.

—
(f‘nmzzm@—amples)
scalar trlple product [a ,3 Y], where a =i + J - ic, B‘ =3i - iz,

[CU 2017]

.D) EValuate the
Y 2i - 3Jj. Are o, ﬁ, Y coplanar‘?
B A= 3i—k 7 =2i-

~

~ ~

Solution Here z =i+ J
- = 1 : -
[aﬁ7]=8(ﬁx7)= 3 % ; =2(—1)+3(—1+3)=—2+6:4
2 -




”\ Find the value of the constant d such that the vectors (2i - Jj+ k).
(i +2j -8k) and (3i +dJ + 5k) are coplanar. [CU 2012, 14

Solution We know that three vectors 3, B, 7 will be coplanar if [& B 7] =
Here3=2f—}+ﬁ,ﬁ=2+2}—3fcand?=3f+d}+5§

e 2 -1 1
Now, [@ B y]=0,gives |1 2 -3| =0
3 d 5
or,2(10+3d)+156+9)+1d-6)=0 or,20+6d + 14 +d -6 =0
or,Td +28=0 . d_—? _4

. Required value of d is —4 for which the given three vectors are coplanar.



) Prove the identity [a x b _I;x exal=[a b P [CH 2010}
e

i

- solion [‘“‘bb"c ¢xdl =@ x 8)-{(b x 2) x (€ x )

(axb) [{(bxc) ale —{(b x ¢)-¢}al

@ x BB xT)ale [+ (B x 32 =0
=[<zsz)-(b2Z]c=[3331[(ax3 2l=[6¢allabdcl
abCl2 [ [bCal=1[ab 2l

bbxCcxa b _)]2 [Proved]

| B) Prove that, for any proper vector o,
lx(ax1)+Jx(axJ)+kx(axk)-2a [CU 2009, BH 1996]

. Solufion Let & = aji + 0tg) + ask
Now, ix(3x2)+_}'x(&)x})+ﬁx(3x/;)

-(z Do —G-a)i+ (G- J)a—(J O!)J+(k B - (k- o)k
=0 —(a)i+ o - (0g)] + O - (a3)k[ i-i=jj=kk=1andia =0, j-a=o ka-= a3l
=30 - (045 + g + atgh) = 30 — = 20
lx(axz)+Jx(aXJ)+kx(axk)—2a
A S S A e A S

——
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Find a set of vectors reciprocal to the set (i + j + k), (2i - J + 3k) and
(3i - 27 + k).

Solution LetG =i+ +k b=2—7+353=8i-27+%

1 1 1
Here [ b ¢1=2 -1 3| =1(-146)-12-9) + 1(-4+3)=5+7 121120
3 2 1

- 7P -5
. a, b, ¢ are non-coplanar.
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Now, if @’, b’, ¢’ be the set of vectors reciprocal to the given set of vectors, then

- - ' - -5 - -
5 bxe 3, _ cxXa 3 _ axb
- P PT S s5 0 T 555
[abc] [a b c] [a b cl]
I L A 1 A A o
Now, b x ¢ = |2 -1 3 =i(-1+6)+ 9 -2 +k(-4+3)=b1+Tj -k
3 21
N A : : s
cxa=|3 21 —(2-1)-jB8-1D+kB+2)=-3i-2j +5k
1 1 1
- P ; } ia 4 ~ 7 i =
axb=[1 11 =i(3+1)—](3—2)+k(—1—2)=4l—J—3k
2 -1 3
= i | " A = 3 1 ,,2 = ~
el = (5l+7J k), Bt = —-(—31—2J+5k),c = —(4l—]—3k)

Therefore required set of vectors which is reciprocal to the given set of vectors is

H(5i+7j—k),ﬁ(—3z 2]+5k)and——(4l 7 - 3k).




5
g__’)lf?i,?,

- = g -
thata x a’+ b x b’ + ¢ x

Solution Since @, b,

[from Art. 2.2]
=2 S - -
- b:c ’g,= cxa
[abc] (@




m) If a, b, ¢ and a’, 3', ’ be two reciprocal systems of vectors then prove F 1
- j E
thatax3’+3xb'+zxc-0 }: 4

—

Solution Since @, 3, ¢ and @’ Z’, ¢’ are two reciprocal system of vectors then we hi‘fe
[from Art. 2.2] .

e
, bxc

- -
a = 5 ’b'z
[a

-
c

Sl
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Fmd the vector equation of a stralght line passing through the origin
and parallel to the vector (; - 2 + 3k).

SOIUﬁon Let P be any point on the line whose positive vector is 7 .

Since we hav_e; the equatlon of the straight line passing through the origin and parallel to
the vector pisr = tb where ¢ is a scalar.

So the required equation of the straight line is o=t - 2] + 3k).

B) Find the vector equation of the straight line passing through the point

(-1, 4, 3) and parallel to the vector 4i + 3j +2k. [CU 2016, 2014]
solution Let A be the point (-1, 4, 3) [See Fig.] i e3j+2k .
(_)—/i =—i + 4; + 3k [where O is the origin] A-L 43  p
Let P be any point on the line, whose position vector 1s 7 . A A,

— - A - A r
Now AP =r — (-1 + 4j + 3k)

Now AP is parallel to the vector 4i + 3] + 2k. 0

.. Required equation at the straight line in parametric form is

7 el # 4] + 3k) = t(4i + 3] + 2k) [t is a scalar]

or, 7 = (i +4] + 3k) + t(4i +3] +2k)-(4t—1)1 +(3t+4)] + (2t + 3)k.

b

on of a straight line passing through the points

n) Find the vector equati
[CU 2011, 13, "15]

(2, 8, 4) and (-1, 3, - 2).

Solution Let A and B be the two points whose coordinates are (2, 3, 4) and (-1, 3, — 2).

Hence OA = 2i + 3] + 4k and OB = —i + 8] — 2k, where O is the origin [See Fig.]
ence OA = 2i

.o
e line whose positlon vector is r.

Let P be any point on th
kandAP = OP - OA=r -2 +3f +4k)

— 2
Now AB = OB —OA =—31 —6

— —
Now AP is parallel to AB. o . ' //_)
.. Required equation of the straight line in parametric form is

— 6k) where t is a scalar

-2+ 3j + 4k) = t(—31
or, 7 = (2 — 3)i + 3] + (4 — 6k

R o..d TP Pawal $ho s ctbasisn wlb T Liccices AVe.... Do



) Find the vector equation of a plane passmg through the origin and par-
allel to the vectors i + 2j + 3k and 2; ~J - 4k. [CU 2013, 2015]

Solution The plane passes through the origin O and let P be any point on the plane whose

P . A 3
pOSItIOn vector is r°. Again the plane is parallel to the vectors o = ; + 2 j + 3k and
b =27 — ] — 4k.

7'-), @ and b are coplanar. 5 P
A A . 0 i
g LoJ ok ’
Now,@ xb = |1 2 3
2 -1 -4

=i(-8+3)+j(6+4)+k(-1—-4) =—5] + 10] — 5k
So the required equation of the plane is [7) E) 3)] =7, (E) X 3)) =0
ie,7.(=5i +10] —5k) =0

m) Find the vector equation of the plane passmg through the points
(1, 1, 1) and (2, - 1, 3) and parallel to the vector 3i - 4J + 4k.

Solution Let A(1, 1, 1) and B(2, —1, 3) be the points on the
plane, then B
A A a PO A ; .. A >
OA=i+] +kand OB = 2} —] + 3k, where O is the Origin \
(See Fig.)

7

/ P
Let P be any point on the plane whose position vector is /
- 2 3 2
r. The plane is parallel to the vector ¥ = 3i — 4/ + 4k.

Now A_IS) 5 A_g and 7 are coplanar. So P—xi; can be written as a linear combination of ;6_53)
and?asA_P)=sA_B>+t? - (1)

NowA?:Cﬁ-éX:?—(f +i+B

ﬁ:cff_o_,)q_—.(zf —j+3b-G +]+h=1-2 +2k

Then (1) becomes, P _G+j+h= s —2f +2k) +t(3i - 4 + 4k)

This is the required equation of the plane.

\h-i\ o v - ww &y  wes 3



- B

= . 8 & -
m Show ihaithe points (i —j +3k)and 3G + j + k) are equidistant from the
plane . @ +9 =0, where a = 5i + 2j - Tk. Also show that the points lie on

opposite sides of the plane. [CH 2006]

&___’uh@ Here the equation of the plane is r.oa+9=0 ... (1)
wherea =5t +2f — Tk

— = — .
So |a| = 52+22+ (-7 =/25+4+49 = /78
Now (1) can be written as

-

- a 9
i
el el
T U T 9 :;:’-52—2}'+7k
T s s 0P s L J18 )

A 1 2 A A
Therefore n = (=51 — 2 Tk
7--78 [ j + (R)
The distance of the point ( i - j + 3k) from the plane is

. P _5i—2 | (
{9 _(i_j+3k)_( si-gjeh|| _ 8 _(Br2r2D) 9

Ji8 A8 )| s s 18
The distance of the point 3( +j + 3k) from the plane is

9 3i+j+h): (—51—-2_]+7k) 9 3(-5-2+7)_ 9
J18 J78 = Ts s JdB
Since the magnitudes of these two is same so the given two points are equidistant from
the plane. The signs of these two are opposite, 80 the two points lie on opposite sides of the

plane.

) Usmg vector method find the distance of the point (2, 3, 4) to the plane
—Gy+2z+11= 0 measure along the vector (3, 1, 2). [CH 2010]

Solution The equatlon of the plane in normal form is r.on=p (1)

wheren‘—-31 +6] _2k,p=11

Position vector of the point from where the dlstance is measured is @ = 2 + 3] + 4k.

The distance is measured along the vector 3i +5 +2k.

This unit vector along this direction ﬁ \/—- (31 +J +2k)

Now the required distance is

{

- — i

‘P;_E_;l‘ ‘1142;+3 3j+4k)(-31 _3i+6] - —2k)| _ | 11641881 11 4| - Jiz

= 55 = |- = |_L 1 ( 9+6-4) 1 _7) units.
| Bn | \__~~(3L+]+2k)(—3l+6_] Zk)’ ]ﬁZ L 14 |

V14
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Find the work done by the force 4i + 5] + 3k, which displaces a Particle °
7 from the point (-1, - 1, 3) to the point (1, 1, 2). [CU 2012

Solution Here the force F = 4i + 5/ + 3k displaces the particle from the point —i — 4 3 ¥
to the point 7 + ] + 2k.
So the displacement vector _Z = + ] +2k) — (-1 —j +3k) =21 + 2; —k
Therefore the work done by the force
=F-d =4 +5 +30-2 +2 -k
=4-2+52+3(-1) =8 + 10 — 3 = 15 units of work.

28 ) A particle acted on the constant forces 4i + J - 3k and 3i + J -kis @

displaced from the point i + 2j + 3k to the point 5i + 4j + k. Find the ]
amount of work done. [CH 1998, 2011] i B

Solution Here the given two forces are I?; =4i +] — 3k and f_:z) =3i +] -k
Now the resultant of the two forces is F = 1?)1 + 1—:; = (4 +] —3k) + (31 + ji-k
=7 +2j - 4k
Here the forces displace the particle from the point i+ Zf + 3k to the point 51 +4f +k.
So the displacement vector ? = (51 + 4f +k)-@ + Zf +3k) = 4i + 2} — 2k
Therefore the total work done by the forces
= ?E’ = (Ti +2] — 4k). (4] + 2] —2k)=28+4+8=40 units of work.

el




in) A force 5i + 2.; - 3k is applied at the point (1, -2, 2). Find the value f
the moment of the force about the origin. [CU 2014

_SMJ;) Here the position vector of the point of application of the force with respect to .
origin is ¥ =i — 2] + 2k and the force is F = 5i + 2/ — 3k |

i ]k |
Hence the required moment is 7 x F) = ; —J2 2
5 2 -3
—1(6-4)—](=3-10) + k2 + 10) = 2i + 13] + 12k

- R a " }
B) A force F = 3i + 2 - 4k is applied at the point (1, - 1, 2). Find the

_) A
moment of F about the point (2, - 1, 3). Find its magnitude. [CU 2016]

Solution Here the position vector of the point of application of the force is i -] +% an‘
we have to find the moment of the force about the point (2, — 1, 3). :

Sohere 7 =(G -] + 20— (21 -] +3b=—1 -k
Here the force is?= 3+ 2; — 4k

) - o
So the required moment = r x F

A A ~

i g k| 2 - S
|10 -1|=1(0+2)-j(4+3)+k(-2)=21 -7 — 2k
3 2 -4

And its magnitude is |2i — 7 - 2| = J22+ (-T2 +(-2)? =V4+49+4 =57

S - w o o e ww AN ol o e 8 o e N P Ilﬂitg




(@ imit of a Vector Valued Function)

A vector valued function ﬁ(t) 1s said to tend to a limit X (a constant vector) as ¢ approache,

to ¢y, if to any pressigned number ¢ (> 0) however small, there corresponds a number §(> 0)
such that

‘f‘)(t) X’ <€, whenever 0 < |t —t,]|< 6.
Symbolically, we express this fact by hntl F ()=
t-l
O Results :

@ If F(t) Fl(t)l + Fz(t)] + F3(t)k and A A]_l + A2J + A3k

(i, J, k: three unit vector along three fixed mutually perpendicular directions)

then thntl Ft)=A @) hm F1@) = Ay, (i) llm Fo(t) = A, and (iii) hm F5(t) = As.
-

Q@ If F(t) and G (¢) are two vector valued functlons of a s

calar Vanable t and ¢(¢) be a
scalar function of ¢, then following relations hold.

(1) llm [F(t)+G(t)] = lim F(t)i lim G(t)

t—)to t—)tg
(ii) lim [F(t)'G’r(t)] [hm F(t)] {lim G(t)]
t—1g t—ty t——)to

i) lim |Fox3w) =[ lim F’(t)] x [lim a(t)]
t—ty

t—rty t—t,

(iv) tl_lfl% [(ﬁ(t)ﬁt)} = [tgn% gb(t)} [lim 'ﬁ(t)

Py ] (all the limits are assumed to exist)



Ifu’(¢), U'(¢), W'(¢) are three differentiable vector valued functions of a scalar variable {
¢(t) is a differentiable scalar function of ¢, then

i) %(3+ 5))= %+%,
@ = @)= -‘%ﬁ%i
(iii) %(8-3) =8%§ %-3,
(63%) %(;X3)= 3x—‘%+%§x3,

w L[ava)- [ﬁm] ; [zﬁa} +[z 3ﬁ],
dt dt dt dt




b

*

i b

Three Theorems concerning F(¢) tg be Const?
Constant in Magnitude and Constant jp Direction

Theorem-3 : The necessary and sufficient conditijon for the vector valued
function F () to be constant is %:6’,

Proof : . .
Necessary Part : Given : F (¢) be a constant vector valued fanction of 2 scalar variable Z-

To be proved : -at—zf)’.

— —>
As F () is constant, for an increment A ¢ in ¢, F (¢) will be unchanged. Then AF =0.

AF -

e =0
Heno_e’ Al
:%—g—=6 (taking limits both sides as At — 0)
Sufficient Part : Given : -Ei_tli -0.

To be proved : F (¢) be a constant vector valued function.
We consider F () = Fy(t)i + Fy(t) j+ F3(t)k

=» dF—dF1£+dF2 i+
at - dt dtl d

t3 k= 6 [given]

dF, . dF, . dF,
L L R
= "t dt dt

= each of F;, F, and F; is constant.
= F (¢) be a constant vector valued function.
Theorem-4 : A necessary and sufficient condition that a non-zero v ector val

ued function F (¢) to be of constant magnitude is that §. dF

Proof : “ 0
Necessary Part : Given : A non-zero vector valued function F (¢) has a constant
nitude, i.e., constant length, i.e., | F ()| is constant, ag:
To be proved : _fﬂ: .

dt
We know that F. F = F = |F |2
— 2(F.F)=2F -dl=i{li"lz}= 0 [since | F | is constant]



Sufficient Part : Given : dF

=0
dt
To be proved : | F |is constant, i.e. F has a constant magnitude.
Now O =F £=2Fd_F-__d_(F F= d {|§|2}
dt dt

= | F | is constant, i.e., F has a constant magnitude.
& Theorem-5 : A necessary and sufficient condition that a non-zero vector valu

-

- . dF _ o
function F () to be of constant direction 1s that F X =

4 Proof :
Necessary Part Given : A non-zero vector valued function F () has a constan
direction, i.e., F@®) remalns parallel to a fixed line always.

To be proved : f«‘)x%—ﬁ)

Let F(t)—IF(t)IF(t) :
where F () is the unit vector in the direction of F ) and | F ()| be the length of F ). |

w Fx— = —_— E =|F

= o A~ F - F s ‘
= |F|2Fx£‘—+|F|dIFI(F F = |F|2 Ly (smce FxF=0) . (1)
] dt dt dt .
Again,
(i) F has a constant direction (since F has a constant direction and F and F have same
direction) and

(ii) ¥has a constant magnitude (since Fis a unit vector).
Hence F has both constant magnitude and direction.
Therefore, Fis a constant yector valued function.

dF 6’
= E & eee (2)
Thus, from (1) and using (2), we obtain Fx ddI; -0.
Sufficient Part : Given : }’xii_li -0
dt
5
To be proved : | F |has a conggant direction.
_)
We have szd_F =1
Adt
2oa dF -
= |FFFx—>-=0 [from (1)]
% dF ~ 2 -~
— FXE-—O-{lFI#O,aS Fisnon-zerol .. (3)
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Again as F has a constant magnitude (| F |= 1), we also have

7.9F _o.
dt ~

Now (3) and (4) hold simultaneously, if %tz =0

ie. if F is a constant vector valued function
ie., if F has a constant direction (since F is of constant magnitude already)

iLe., if f«" has a constant direction (since F and f have same direction)

.. (4)



[in formula 2, putting 7=5

d -5 > —>d_r? - = _22 ]
I?—r+d—’? dt=T7-r+c¢ =>j2r-—— dt=7-7 +tc=r-+c
dt dt dt
2

%

dr d2? d;) d_r? dr
@ j ) Sendl dt=2L.2" .¢= +e

dt di? dt dt dt

_9
[by replacing 7 by % in formula 3 ]

—

® J'L?xd—s—+-‘f—i:—x:)dt= (rxs) +c.

[We have ——(r>< s)_7x%—st—+%x_s) = d(rx S)—(;)X%:_Jr(fi—; ?Jdt}

d|- d? 3 d2",? S5 dr - d27
[We have zl—t(rx—T]=rx - = d[rx—dt ]=[r>< 72 dt
1d dr r 4
r rr r -
@D ||==-=r— |dt=— . i
j r dt  dt 2 Ste. (r is a scalar function of ¢)

dl7| 1dr 1dro 7 1 A7 dr 7
[We have Ez(r] rdt R2dt = d[“} (——r——rL dt
-
® J ax—— dt=(axr)+ec. [ @ is a constant vector]

d » -, - T
[we have E(ax r)=a X

= d(ax7)= [Zx % }dt}'

r . = .
— (since @ is a constant vector)




) If 7= 562]+ tJ 3 kands- sinti - cost.l, ﬁnd the values of

M L
r-s)att =0 (ii) —(rx 8)at ¢t = 0 (iii) ———(r Hatt=1

Solution Given : 7= (5% t,— 3 and s = (sint, — cost, 0)
—_
1) 7.3= 8 ¢t, — t3)-(sint, — cost, 0) = 5t’sint — tcost

d
Hence 3;(? 2) = 5(2 cost + 2tsint) — (cost — tsint) = (5t° — 1)cost + 11¢sint.
Therefore, —d—(?- S| =-1.
dt t=0
ik
Gi) Fxs= |56t ¢ “8| = _cost] — t3sint§j - (5%ost + tsint) k. .

sint —cost O

d - o AR : . 2
Hence (7 x5 )= (¢3sint — 3t%cost) i — (t3cost + 3t2sint) j + (5¢2sint — sint — 11¢cost)k.

Therefore, % (rx’s) 0

=0.
t=0

(iii) i(? 2y=27. 97 =26 t, - ) 2 (522 ¢, —t3)
dt dt
= 2(5¢2, ¢, — t3)-(10t, 1, — 312) = 2(50¢% + t + 3t°)

=108.
t=1

Therefore, %(7‘)- 7)

@ If a= £2i - tj+ @+ DE and?i: @2t - 3i +J- tk, where i,J,k have

their usual meanings, then find :iit[a X éd_té) at t = 2. [CH 1981]

;\'p —>
5 . d dB |- 2 d? ﬂ da dﬁ
V Solution (ax_d_t-J ax—3 X .. (D)
. . dd
Given that a=t4 —t] + (@2t + VE = — =2l _ 4+ 2.
. - dﬂ A d2ﬁ
, 9% -3 + 7 — th = _
Again, B =( i+ ] = =92 dt2
Thﬁ(l)d(“’dﬁJzzjgmi}k
us from ax L (=2 ¢+ 2+1|+|2t -1 2 | =i+ (2+4)] +2k
dt o 0 O 2 0 = v ).] zk

_’
i |3 d,BJ Y P ) 7
Hence dt[ax = att=21s g +8J+2k.




.@ If 7= (3¢, 3¢ 263), find [d? al ds?J. [CH
L dt_dt®> de®

Solution Given : 7 = (3¢, 32, 23)

=>ﬂ——(3 6t, 6t2) dr—(0612t)and dr-(0012).
dt dt? dt3
2> .35 3 6t 6t2
Hence[drd;'d;Jzo 6 12¢| =3 x 72 = 2186.
dt dt* dt 0 0 12

r



'|7 ) Evaluate I ( o2 ]dt wherer = 3} + 262j + 3tk. [CH 201

. 2
Solution We have j [?x"zl 4 ]dt [;g(ﬁ},;’
t dt

d27
dt?

Therefore, j: [? }dt = [(tsi +2t25 +3tk) x (321 + 4t + 37«:))]?;:2

= [-6e%+655-2e4k]
= (- 541 +162F — 162k) — (- 241 + 48§ — 32k)

=-30; + 1145 — 130%.




n> If r = (acost, asint, attana), then evaluate

" d; d2",’ —~ 2— 3
(G) |=—x&L .. dr d°r d°r
dt  ae? and (ii) T S I [CH 2009, 2012, 2016]
Solution Given that 7 = (acost, asint, attana) = édL = ( — asint, acost, atana), ... (1)
d*r . 437 !
-3 = (- acost, - asint, 0) ..(2) and 5 = (asint, — acost, 0) . (3)
[
. . { d Iz g ‘ } k
I'hus, (1) (!r x (; asint acost atana, [ by (1)and (2)]
at dt acost -asinf 0

Y . -3 3
= (a*tana sint, - a*tana cost, a°)

J

5 3 ¥ 2
= a*tan” asin“t+tan” acos“t+ 1)

* »
dr d°r
- — \ - —

Therefore, | e |
| dt de® |
= \u‘\mn:u'l,‘ = -.u*secza=azseca.
. dr d*r 87 -asint acost atand , .
(i) ar. e = = . . 0 [ by (1), (2) and (3)}
it dt® de3 -acost -—asunt
asint —Gcos? 0

. B £ o 9 ¥ “
atana ta')cosit - azsm‘tr = ata\m‘x-a2 = a"tana.

il




{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Form", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Form", "isBackSide": false }


{ "type": "Form", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Form", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Form", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Form", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

