ADVANCED ANALYTICAL GEOMETRY
TWO DIMENSIONS

e —————————————

1 TRANSFORMATION OF C0O-ORDINATES

1.1. Introduction.

Equations of curves or'straight lines have reference to ccrtain set
of axes. In fact, we shall have different equations for the same curve
or straight line whan referred to different set of co-ordinate axes. This
may happen when the origin is shifted to a point keeping the directions
of the axes the same or when the axes are rotated through the
same angle keeping the origin unaltered. The former is called trans-
lation and the latter is called rotation. Change of co-ordinates may also
be effected by a combination of the two, in either order and is called
a r1gid motion. These transformations are also known as orthogonal trans-
formations.

A general orthogonal transformation is one in which a new origin
is taken and two perpendicular lines through the new origin are taken
as the axes, whose equations referred to the old axes are known.

1.2. Change of origin without changing the directions of the
axes (Translation).
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Let OX, OY be the set of rectangular axes referred to which the
co-ordinates of an arbitrary point P are (x, y). Let O, the new origin,
be at (h, k) and O’X’, O’Y’ be the new set of axes parallel to .the
original axes. Let the co-ordinates of -P referred to the new set of axes
be (x), y’). Then  x= OM= OL+ LM = OL+ ON= h+ X,

y= PM= MN+ NP = OL+ PN=k+ y'.
AAG-]



GEOMETRY OF TWO Diypy
O )

. T ('\li :
" \n\'/\xf'liw \

e g K
ot oand y= ¥ ¥
X = - .
' o for the translation of axey

Hence

.

y) =0 with reference to the olq g, 0

¢ . S s a
f()r 70 with reference to the new g4 hy 1¢..
N H » Y o thC ne > e d)"’,
tin gcm_rdl form, cw ((ludtn,n .
1’.\

are th
Thus the cquatin'nf
becomes f(x"+ h: y + .
Removing the primes t()Op
comes f(x+ h, y+ k)= 0.

formulae may also be writlen as

Note. The above
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1.3. Transformatio e origin (Rotation).
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Let the dxes OX and OY be turned about O through an angle g ¢,
the position OX” and OY”. Let P be any point (x, y) referred to the
system OX, OY and (x', y') referred to the new set of axes OX’, oy’

PN and PM are drawn perpendiculars to OX and OX’ respectively,
Draw MK and MT perpendiculars to OX and PN respectively.

We have OM = x” and PM = y".
Then x= ON = OK- NK= OK- MT= x’ cos 0 — y’sin 0,

since. -+ ZTPM =90°- LTMP= /TMO = 0.

Again y=PN="TN+ PT = MK+ PT= ¥ sin 0+ y cos 0.

Hence |
x=x’c050—yfsin0,y=x’sin0+ y’cosO . (M

are the transformation, formula for the rotation of axes.
- -NTI& To ﬁnd‘ x/’, Y in lerms of «x, Y, weare to wrile (-0) for 0 and to
hterchange x and x’, y and vy’ { or solve equalions (1) ). |

Thus x'=xcosB+ysinB and y'=—xsin6+'ycosﬂ. | )
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The ”"“f\‘lm\lmn\ of co-ordinations given by (1) and (2) are expressed
by the scheme

ol y’
x cos 0 - sin 0
'y. sin 0 cos 0

1.4. Translation followed by a rotation.

When the origin is shifted to the point (h, k), the co-ordinates of
any point P(x, y) become (x+ h, y+ k). Then the axes are turned
through an angle 6. The co-ordinates of P referred to the new set of
axes are obtained by substituting (xcos 6 - ysin8) for x and
(xsin O + y cos 0) for y.

Hence the co-ordinates of P due to a rigid motion become

(h+ xcos 0 - ysin O, k+ xsin O +- y cos 6).

As is obvious, the result will be the same, if rotation be followed
by translation.

Cor. The general formulz for transformatlon of axes may therefore
be written as

x—px -qy'+ h, y= qx + py'+ k
where p?+ g?= 1.

1.5. General orthogonal transformation.

Consider the system of rectangular axes, OX and OY (that is, OXY)
O being the origin. Let O ' be the origin of the new set of rectangular
axes O'X'Y', such that the equations of O’'X " and O’ Y ' referred
to the set OXY are respectively ax+ by + ¢= 0 and bx- ay+ c'="0.

O X
Fig..3
Let P be a pomt coplanar with the two systems of axes whose
co-ordinates are (x, y) referred to the set OXY and (x', y. ') referred
to the set O’ X'Y'. Then = |
bx—- ay+ c' ax+ by+ ¢

’=. ! = = '=PM=
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B bt h yd e of the equation is not altered, since the r y
this substitution, the degre fice,

mation is linear.

1.6. Invariants in orthogonal transformation.

Relations connecting the coefficients of an expression or som
quantity which remain unchanged under an orthogonal .tl‘ansfo
are called fnvariants under that orthogonal transformation.

€ Other
rmation
If, by the or;thogonal transformation without change of OTigin, th,
expression (ax’+ 2hxy + by2+ 2gx+ 2fy+ c) be Chaﬂged into
@X>+ 20XY + B'Y+ 28X + 2f’'Y + C), then
(a’"+b’'=a+b; (ii)a’b’—h’2=ab_h2;
(i) g2+ f'2= g7 f2;
() b'c'+c'a'+a™b' - f'2- g2 pr2
=bct+ ca+ab- f- g2_ p2
By applying the formule for orthogonal transformation, vz,
x= Xcos0- Ysin6, y= Xsin0B+ Ycos 0,
the given expression changes to

a(Xcos0- Ysin@)2+ 24 (X cos 0 — Y'sin 0) (Xsin 0 + Y cos 0)
+ b(Xsin®+ Ycos 0)2+ 2¢ (X cos 0 —
+ 2f(Xsin 0 + Y cos 0) + ¢ '
= X*(acos?0 + 2hsin B cos 0 + b sin’ 9)
+ 2XY {h (cos? 0 - sin? 0)- (a-
+ Y?(asin?0 - 2hsin 0 cos @ +
+ 2X(@cos0+ fsin@) + 2y (fc
so that :

Y sin 0)

b) sin 0 cos 0}

b cos? 6)

0s 0 - gsinB)+ ¢
a" = acos’Q + 2h sin 0 cos @
h" = h(cos?p - sin® @) — (g -
b’ = asin?g - 2hsin'@ cog g
8 = gcosQ+ fsin g, fr=f

+ bsin?p,
b) sin 0 cos @,
+ bcos?p,

COs0- ¢sing, ¢ = ¢
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Hence we have a4+ U = a+ b, (1)
since  sin*0+ cos’ 0= 1.
Again 24" = a (1 + cos 20) + 2hsin 20+ b (1 - cos 20)
= (a+ b)+ {2hsin 20 + (a — b) cos 20}.
Similarly, 20" = (a+ b) - {2hsin 20 + (a - b) cos 20}.
Therefore 4ah’ = (a+ b)’ = {2hsin 20+ (a - b) cos 20} °.
Also 4h'* = {2h cos 20 — (a - b)sin 20} %
Therefore 4 (@’b’ — WY = (a+ b)* - {4h*+ (a - b)%}

= 4 (ab - K.
Hence a’b’ - W*= ab- I, e (i)
Again _g’z;i-f’?= (g cos 0 + fsin0)* + (fcose g sin 0)?
= g%+ f2 Ce. (i)

Lastly b'c'+ ca' + ab —f2— g K2
= cl_(a’1+ bl)+ (al‘bl_ hrZ)._ (fl2 + 8_12)
—c(a+b)+ (ab-h2)- (f*+ g?)
=bc+ ca+ ab- f'— g*- h* (iv)

1.7. Illustrative Examples. - | - }

Ex. 1. Find the traﬁsformed éﬁud#ioﬁ of the straight line % + %- 2 when the
origin is transferred to the point (a, b).

The transformation formulae are x= x’+ a, y= y + 'b so that the trans-
formed eqtiation is

2 (x’+ra)+-l (y + b)= 2, that is, i+ ¥ 0.

Ex 2. Transform to parallel axes through the point (2, —3) the equation
2x+4xy+3y—2.x 4y+7 0.

The transformation 1s effected by x= ¥+ 2, y=y - 3 ;
so that the transformed equation is

2Ax + 2%+ 4(x + 2)(y - 3)+ 3(3/—3) - 2{x’+ 2) - 4@y - 3)+ 7=0
or, 22 %+ 4xXy + 3y - 6X - 14y’ + 26= 0
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. ® to the original axey the . ,
ill('hnc{! al 30 ! 8 ”’””“U;,

Ex. 3. Transform lo axes

- ().
x1+2‘/3-x3/_y2-2 (

. » are /

The transformation formula a L VI )
o sin 30° = 2 (¥ V3 ;

x= x c0s30°- Yy 2

o__1_1/+;\/§-).
y= ¥ sin30°+ y cos30°= 3 (X4 Y

The transformed equation is

j \2
(V3 - )+ 23X VE-y) (X + Y V3)- (X + Y VE) o g

o v yz- ’ ‘ ed that one can zet rid

Ex. 4. To what point the origin is to be moved so gt rid of g,
first degree terms fror: the equa'hzon a0

x4+ xy+ 2y - 7x- Sy . 5
Let the point to which the origin is to be shl.ﬁed be (a, B).
Substituting x= ¥ + a, y= v + f}, lhg equallon becomeé
(¥ + a)?+ (¥ + a)(y + B)+ Ay + B’ -7(x + a) - ?(V+ B)+12aq
The coefficients of x” and y’ in the transformed eqution are
(2a+ p- 7) and (a+ 4p - 5), |

which will be separately zero, if the first degree germs are rto be removeq.

Thus 204 - 7=0and a+ 48 - 5= 0.

Solving, we get a = 33,2-, f= ;

. . 2 3
Hence the ‘origin must be shifted to the point (3; ' 3)

Note. To remove the linear terms, the origin is to be shifted.

Ex.5. Find the angle through which the axes are to be rotated so that the equation
xV3+ y+ 6m=0 may be reduced to the form x = ¢. Also determine the value of c.

Let the axes be rotated through an angle 6, so that
x= x'00s0- y'sin® and Y= x"'sin0 + y'cos@,
The reduced equation becomes, after removing the primes,
‘ ﬁ(xcose—ysin6)+(xsin6_+ ycos0)+ 6= 0
or, x(V3cos+ sin 0) + y(cose'-\fB—sinO)-i- 6= 0,
Since this is to be of the form x = ¢, therefore

Cos 0~ V3sing e 0, whence 6-’%::.

Thus the transformed equation is
3,1 '
x (E + E) - -6
or, X= -3
Hence Cwm -3,
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Ex. 6. Find the angle by which the aves should be rotated so that the equation

B 2 S . :
ax® + 2hay + by" = 0 becomes another equation in which the term xy 1a absent.

In particular, find the angle through which the axes are to be rotated so thal the

equatton
17x% + 18xy - 7y’ = 1
may be reduced to the form Ax? + Byz -1, A>0;
find also A and B.
Let the axes be turned through an angle 6.

Then, after removing the primes from (x’, y '), the general form of the
equation becomes
a (xcos @ - ysinB)*+ 2h (xcos 8 — ysin 6) (xsin 6 + y cos 0)
| + b(xsin@+ ycos )’ = 0.
The coefficient of xy will be zero, if

(b - a)sin 0 cos 8 + h (cos®0 — sin®8) = -0,

that is, —% (a - b)'sin 20 + h cos 20 = o,
that is,. tan 26 = _Ef‘_b, giving 68 =71.,_—tan',1 Zhb .

In the given case, .a= 17, h=9 b= -7.

-1 18

- 1 -1
Therefore 0= 2t:—.ln 717

3
tan —-
4

N =

By invariants, we get _
A+ B=17-7= 10 and
AB= 17 (-7) - 9= =200
Therefore (A- B)2= (A + B)?— 4AB = 900
or, A- B= £30.
Hence A= 20, B= -10 (-.- A>0),

and the transformed equation is 2052 - 10y* = 1.
Note. To remove the xy-term, the axes are to be rotated."

More generally, to remove any second degree term, e.g., 2, xy,
the axes are to be rotated.
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Examples I

SO TR LT I e point (2, =3) without chane;
l-. (a) .Thfa (}1~;181‘111:;<C:?1;:fi II(K(; lll(]zll()_(l,rdinalcs of the point referm(;nli
the directions ? xl: if }ls co-ordinates with respect to ic ‘()ld set of
(11-(“:\{::'(20&1;7 /‘:]5(; ,ﬁnd the co-ordinates of another pZ”;gl in the ol
::';Eem; if i,ts co-ordinates in the new system be{; O(I)rfle?)go x:vi t)h th ,
h (b) The axes are rotated through an a-ntg e € Samq
origin. Find the new co-ordinates of the poin P ointcoi—?rdmates
were (2, 4). Also find the)old co-ordinates o P W 0se ney
-ordinates will be (-4, 2). _
~ ;T&';":etisrigin isslgifted to the pOiﬂt (3, —=1) and the CO'O_rdmate axes
: le tan™! 2 . Find the co-ordinateg of th
are then rotated through an ang L g e
point (5, —2) in the new co-ordinate system. [B. H. 1997) .
If the co-ordinates of a point be (5, 10) in the new System, find its
old co-ordinates. IN.B.H. 2002]
3. Find the equation to the curve )

92+ 4y + 18x — ]6y‘= 11
referred to parallel axes through the point (-1, 2).

4. (a) Transform the equations. :
(1) x*- yvi=at; (i1) 2>+ 2axy + y*= g

to axes inclined at 45° to the original axes. =
(6) What does the equation 11*+ 16xy - 2

= 0 become on turn.
ing the axes through an angle tan”' 2 ?

(©) Fi/nd the equation o\f-\-the straight line

*COSa+ ysina=yp
when the axes are turned thro

ugh an angle o without any change of

5. (a). What does the equation
¥~ 3xy + 3y’ + 7x - }8}/'+ 32=0
he origin is moved to j
h an angle of 45° ?

igin is shifted to the poiht (1, 2)

. an angle of 45° for the equa-
3y“+ 2x + 14y - 16= ' :
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7. (1) To what points must the origin be moved in order to
remove the terms of the first degree in the equations
(1) 2x? - 3y? — 4x 12y = 0
(1) 27 3xy 4 /1}/’ +10x = 19y +23 = 0.
(b) Choose a new origin (I, k) without changing the directions
of the axes such that the equation 5x? 2y” — 30x + By

() may be
reduced to the form Ax™ + By"? = |

: (;‘) Find the translation which transforms the equation
x“+y -2x+14y+20=0 into x>+ y?-30=0.
(d) Find the equations of .the rigid motion that transforms

x? +2x +y2 —10y +25 =0 to a circle about the new origin as centre.

8. By transformipg to parallel axes through a properly chosen
point (h, k), prove that the following equation can be reduced to one
containing only terms of the second degree :

12x* - 10xy + 2y%+ 11x- 5y + 2= 0.
Find the values of h and k.
9. (@) Prove that the linear part of the equation
4x* - 12xy + 9y*+ 4x+ 6y+ 1= 0
cannot be made to disappear by only change of Parallel axes.

_ (b) By transforming to parallel axes through a properly chosen
point (h, k), prove that the equation ‘

2x* + dxy + S5y*— dx— 22y+ 29=0
can be reduced to one containing only terms of the second degree.
Also find the chosen point.

10. Without altering the directions of axes, change the origin to a
suitable position so that the pair of points (3, 4) and (6, 8) may be
represented by the co-ordinates of the form

(—a,—,B)and-(a, B). o
11. (a) Find the angle through which the axes must be turned so
that the equation - Ix-my+n= 0, (m #0)
may be reduced to the form ay +b =0 .. [C. H. 200§ ]
(b) Find the angle of rotation about the origin which will

. pi . 7 _
transform the equation x2 - y“=4 intoxy’'+2=0.
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12. Through what ang the
term
(1) ay from 72"+ Axy + %'/ ’
(i) xy from xte 2V3xy - y =4
(r11) Ay from 9x> - 2V3xy + 7y =
(1v) x2 from x> - dxy + 3.V 0.
13. (@) The equatlon 3x% + 2xy + 3}/ -18x - 22y + 50 = it

transformed to 4x° +2y —1 when referred to the rectangulay axes
through the point (2, 3). Find the inclination of the latter axes ¢, the

former. .
(b) Find the value of a for which the tranSfOnnati()n

x=1x+6y'+a,y= 1x +3y’+a will transform the equation

2 —‘_xy+y -3x+6y-12=0 into y'2="fé—¥'- [B.H.2006]

14. Show that there is only one point whose co-ordinates remain
the same by changing the axes of co-ordinates by the transformation

' 4 '_'_g —
x=§x+—y 2, y'= TX+ o y+2

and that point is (2, 4).
15. The points A(0, 1), B(- 1, 0) and C(1, 0) are trans.
formed into the points A', B’, C’ respectively by the transformation
x'=%x— £y+l y =£x+ SY+ 2.
Find the area of the triangle A’ B’ C".. ' '[ B. H. 1982 ]

16. P(9,-1) and Q(- 3, 4) are two pomts If the ongm be
~shifted to the point P and the co-ordinate axes be rotated so that the
positive direction of the new x-axis agreés with the direction of the
segment P(J, then find the co-ordinate transformation formule.

| [ B. H. 1989 ]
17. .Transform the equation

2x? - xy+y i+ 2 - Jy+ 5=0
to new axes of x and y given by the straight lines

4x+ 3y+ 1= 0 and 3x- 4y 4 2. ¢ respectively:
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! 18, If ('h(‘ perpendicular str aight lines ax s bys c= 0 and
i — ay+ ¢ = 0 be taken as the axes of » and Iy rr-';'w('ivr-ly, then

show that the cquation

(ax+ by+ ¢)’ = 2(bx - ay 4 (")7'—7-'1

will be transformed into y' 2 2%l - 1 .

2 .
a’+ b?

19. (@) When the axes are turned through an angle, the expression
(ax+ by) becomes (a'x'+ b'y') referrcd to new axes; show that

2
a’+ b =a'%+ b2

(b) If, by a rotation of rectangular axes about the origin,
(a.x+ by’) and (cx+ dy) be changed to (a'x'+ b'y") and
(' x' + d'y') respectively, then show that ad — bc= a'd - b' .

[ B. H. 1991 ; N. B. H. 1992 ]

20. If, by a rotation of rectangular axes about the origin, the
expression (ax? + 2hxy +by?) changes to (a'x'? +2h'x'y’ +b'y’'?), then
prove that : .
a+b=a'+b’- and gb—h*>=a'b'—h'?. - [B.H.1994]
' 21. If, by a rotation of rectangular axes about the origin,

(ax? +2hxy + by?) and (cx? +2gxy +dy*) be changed to
(@x'2 +2h'x'y"+b'y’?) and (c'x'* +2g'x'y'+d'y’'?) respectively,
. then-show that ‘=

ad +bc~2hg =a'd +b'c’ —2h’g’ and ac+bd+2hg=a'c’ + b'd +2h'g".

22. (a) Show that the distance between two fixed points and the area
of the tnangle formed by three fixed points are unaltered by

(i)' a translation of origin, (i) a rotation of axes.
(b) Show that the discriminant '

a h g

h b f

g  f c
of the quadratic expression (ax? + 2hxy + by? +2gx+2fy+c)is invariant
under (i) translation and (i) rotation of axes. [N. B. H. 2005]
23.. (2) Show that the radius of a circle remains unchanged due to a

rigid body motion.
(b) Show that there is one point whose co-ordinates do not alter

due to a rigid motion._
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24. 1 ,’\,(‘,'Vr e 1 'Hu-r
chow that " v, I
X, Y2 |
X4 Y3 !
, i oid motion. [ B
s cinvarjant under a Mgian ] >.H. 194,
) njlasm;rl:\\r::hat the transformation of rectangular axes wWhich Cnnv) '?E
. eT4.
(ﬁ;rﬁ) into (axz +2hxy+by2) Wlll ConVert
N
( X + r: ) into ax2+2hxy+by2—K(ab-h2)(x2+y2)
p-h q-h 1—(a+b) A +(ab—h?) A2
Answers
1. (a) (1, 4); (-2 5)
B) (V3+2,2V5-1); (=23 -1,V3-2). 2. (1, -2), 4

3. 9x" %4+ 4y’ %= 36. | |
4. (a) ()2x'y’+a’=0. () x"* (1+a)+y’? (1-a)= 2
(b) 3x" 2=y’ %= 0. (c) x"'= p.
5. (a) x'*+ dx 'y’ + 7y'2+ 2= 0\:
(b) 2x"*+ 4x’y’+ 1= 0.
6. x'—y’'=0, 2x’ - y'=0; (2,5).
7. (@) () (1,-2). @) (-'1,2).

() (3,2). @ x=x"+ 1, ymy -7,
(d) x:x'COSG—y'sine—L yzx’_5m9+'y'cosﬁ+5.
8. hm -3, ,__5 |
2" k= -3 9. () (- 2, 3). 10.. (%, 6). -

1. (@) tan™! (I/m). (b) 45°.

2. @) gr. (i) 30°. (i In. (v) a5°.
13. (a) %n. (b) a=4.
16. |

15. 1 sq. unit.
- ;
*=u12 -5yt 117y, 4, L

« & (5x —12y -
17. '46x2+29y2+31xy+47 2 L S
X=29y+101=0.

S—
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Metric classification of conics.

10.1.
Classification of conics by tra nsformation of equations With ¢
¢ i

o translation and r'Qtation of the axes is known as metric classiﬁ I
' ‘ ~J Catyy,

of conics.

A curve,which is represented by an equation of the secong dhs
- cartesian co-ordinate system,is called a curve of the second o,.derbr(.f.
oquation of a second order curve is said to be in its Cmmm-ca[fmr'nﬂr
normal form, if, by the transformation of co-ordinates, (1) the tery, ?r
xy be removed from the equation, (i7) the number of terms in Ian;
y bereduced to a minimum or be completely removed, (i11) the conggy

term be removed, if possible.
Consider the general equation of the second degrece
ax+ 2hxy + by*+ 2gx+ 2fy+ c= 0. o )
We shall show that this equatioh will represent a conic. Let us first

transform the equation by rotation of axes such that we can get rid
of the'term xy. For this, we rotate the co-ordinate axes through an

angle 0, that is, we put
| .x=x"'cos0- y'sin0
and y=x'sin0+ y'cos0,
the new co-ordinates being (;(’, y').
Then applying this transformation, the cquation (1) becomes
a(x cos 0 - y'sin 0)*+ 2k(x' cos 0 — y' sin 0)(x'sin 0 + y' cos 0)
+b(x'sin®+ y' cos 0)°+ 2g(x' cos 0y sin0)
+ 2f(x'3in0+ y'cos0)+ ¢~ d
or, x'*(acos’0+ hsin20+ bsin?0) |
+ x'y' {2h cos 20 - (z% b)sin 20}
+y'?(asin?0- h sin 20 + bcos?0)
+ 2x'(gcos 0+ fsin0)
+ 2y ' (fcos0- gsin0)+ c= 0.
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E 2hcos20- (a- p

e iy o

QUATION OF SECOND DEGRy:

SNERE > . 189

t us choose 0 such that the coe

b4 ”ici(_- > 1o
Nq\ IE) Janishes, that is, nt of the te

rom~containing

)sin 20 =

tan 20 = 2h .
o a-b D 5 (3)
rhatcver may be the values of a, b and h, there ;

n Sansf)’mg (3). Choosing such a valye for 0, (;S) imﬁsa txa:;\lz

m ' ' ',
f()r 2+b y 2+ Zg x +2f’yl+c'=0

The following cases-may arise :

Case L Let'a’==‘0 and b'= 0.

)

Then the equation (4) can be put as

) 2 2
: - _g__’ ’ , ﬂ 4 r2 2
a (x +ﬂ’) +b (y +bl) = a’ +%_ C’zk(Say),
e N s . . g‘l ’
shifting the origin to the point |- i -’%) without changing
the directions of the axes, this equatlon becomes
. a'X*+b'Y?%= [,
where (X, Y) are the new co-ordinates.

()

(a) If k=-0, then (5) represents two straight lines,” which are real
orimaginary according as 2 and & ' are of opposite or of same sign.

A pair of lmagmary straight lines is also called a point ellipse ;
for, the equation is satisfied by the only point (0, 0).

(b) If k= 0, then (5) can be put as
XZ. YZ

_.1-
k/a' " k/b’

= 1.

() 1f both L and -,% be positive, then (5) represents an ellipse, in
its canonical form.

In addition, if a ' = b”, then (5) represents a circle.

(i1) 1f one of — and % be positive and the other be negative, then
(l

O) represenits a hyperbola, in its canonical form.

In addition, ifa’'+ b’ = 0, then (5) represents a rectangylﬂf hyperbola.



]

190 ADVANCED ANALYTICAL GEOMETRY OF T™W0O DI

MEN.,
nd‘\)“)‘
2 " L ,\ [ s Yy l'iv(' 11 I k l
(r11) 16 both of —; and ;) W NeY A ¥ Positiy,
ol ) 3 lh‘
1 ) Y ° e & . "y - 3 i ‘n
represents an intagimary cllipse 5 for, there are no reg) Valyoe o
' i % 0
v satisfving that equation. Xa,
' ’
Case IL. let onc of a' and b, say a', be zepo,
Then the equation (4) can be written as
2 2
' = J:da 1 'y
- U C
' ' _ Pt g )
b (y +'[{-7)——2g,1 + o
(¢

(@) 1f ¢'= 0, then (6) represents a pair of paralle] Sf"('f,g'/rt I
provided (f"*- b'¢') is positive. 'ne
Ifg'=0and (f'*- b'c") be negative, then the equatiop,

) (6) doy,
not represent any geometrical locus. O¢

If(g’ " 0 and f' 2 = l) 'C { P then (6) repl‘esel"lts tZUO COI.HCI-dL’n[

Stra;
lines. gt

(0) If ¢"= 0, then (6) becomes

2 r 2 '
LY 2 fm by
(y V)T T Y T T

2
cquz _ . =b'c’ AN
Shifting the origin to the point i c. . L without chang.

. zb ! g ’ b I.
ing the directions of the axes, this equation becomes
| Y- - 2 x,

where (X, Y) are the new co-ordin&te_s.

This represents a parabola in its canonical form whose axis is the
X-axis, that is, whose axis is parallel to the x-axis.

Simil_arly,‘if a'= 0 and b'= 0, then the equation will representa
parabola with its axis parallel to the y-axis. A

Hence, in all cases, the general equation of the second degree represents
a conic.

Furthermore,we have scen how a general equation of second degree

can be reduced to its canonical for and identify the conic reprcsented
by it. P ’

- . . . : ola
Note. We are familiar with three lypes of conics, viz., ellipse, hy P‘"b;i_
. Sl = . 5 5 . i 5 {1
and parabola as given by the focus-diréet rix definition. These are the L\“"md.,’
. S geC H "t . . . ¢
clusses of conics. We now widen our definition and define a second OF

» ¢ & s . = v » Cﬂl
curve o be a conic which includes all the cases asdiscussed before and
them alyebraie clusses of conjcs, ‘
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The general equation of (he second degree in x and y is

fy+ c=0, 258 i)

d hence a conijc.

2
ax ~ + ZIu.y + by, Dereccs
This represents a second order cyrve =

1 ot us introduce the Notations

D is also invariant under translation and rotation of —

IfA=0 / then. thf? equati.on (1) represents 4 pair of straight lines.
These two lines are intersecting if D = 0 and parallel (or coincident) if

If A= 0, then the eqrs2iion (1) is'said to represent a degenerate conic.,
Ifa= b and h= 0, then the equatibxi (1) repr_ésénts a circle.

If A= 0, then the equation (1) represents either an ellipse, or a .hy-
perbola, or a parabola (Non-degenerate conic).;These are proper conics.

Let S(o, B) be the focus, Ix+my+n=0 be the directrix and P(x, y)
. be a point on. the conic whose eccentricity is e. If M be the foot of the
perpendicular from P to the directrix, then, by definition. of conic,

SP=e.PM, that is, SP? = ¢2.PM?

2 '(Ix+my+n)2
. 2

or, (x—d)2+(y—ﬁ)2 =g 2 4 m

or, (12(1-e?)+m2)x2 —2lme2xy +1I% +m>(1-e?)ly*
2
—2((12 +m?)ou+ Ine}x — 2{(12 + m*)B +mne“ly

+{(12 +m?) (a2 +p2)—ne? =0.

=,
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— oy,

Prcf;cnl.'" the ‘f‘lu"”o" (1), then we “an wrjy }
¢ th
(]l

If this equation re

“=’2(1*¢-‘2)+m2,b==12 +m2(1-e?), h=~Ime?, |
==l et ), == Ny ),

c=(12 +m?)(a? +p%)-n?e?.
/
Now D=ab-h?=(12(1-e?)+m? |12 +m*(1-¢2)) = 12m2e*
=12 +m?)2(1-¢?). |
For a parabola, we have e = 1 and hence D = 0.

For an ellipse, we have ¢ <1 and hence D > 0.
For a hyperbola, we have ¢ > 1 and hence D < 0.

Thus an equation of the second degree is said to be of the parabl
type if D = 0, of the elliptic type if D > 0 and of the hyperbolic typeif D <,

To summarise : the general equation of the second degree will rep.
resent '

. (@) (1) a pavr of straight lines, if A= 0 ;
(if) a pair of intersecting straight lines,
if A= 0 and D= 0;
(117) @ pair of parallel (or coincident) straight lines,
ifA=0and D= (.
(b) acircle, ifa=b and h= 0.
() a parabola, if A= 0 and D= 0.
(d) anellipse, if A= 0 and D > 0.

- - . ) : . ic N0
(The ellipse is real when A < 0 and imaginary, that is, there is
geometric locus when A > 0)

(¢) (1) a hyperbola, if A= 0 and D< 0;
(11) « 7'(.'c!¢ln;‘;ulm"hypcrlmlu,

fA>0,D<0and a+ b= 0
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These results are giv(_‘n in a tabul

ar form below -

D A Canonical
form
. g
p>0 A <0 P*‘giﬂl
l} 2
D>0 A>0 '/F+"BL2=_I
i . 2 2
X
D<0| A<0 ?_}1%2‘]
x? 4
p=0]| A=0 ¥’ = dax
or x"= 4By
p>0| A=0 Ax’ + By’= 0
D=0 A=0 ¥y - Kx*=0
2
=0 A=20 Yy = m“(=0)
D or x> = n’(=0)
" p-=0| A=0 y2=09rx2=0

Nature

b—

Ellipse
Imaginary ellipse
Hyperbola

Hyperbola

. Parabola

Point ellipse or pair

lines
Pair of intersecting
straight lines
‘Pair of parallel
straight lines
Pair of coincident
straight lines

of imaginary straight -

103. Conic with centre at the origin.

The point, any chord through_ wh_ic_h is bisected at that point, is
called the centre of the conic.. |

If a non-degenerate conic has a centre, it is ca.lled a central c{)onlxc.
Otherwise, it is called @ non-central conic. Thus elhp_se (or hyperbola)
is a central conic and parabola is a non-central conic.

Let the equation of the central conic be

ax® 4+ 2hxy + by > + 2gx+ 2fy+ c= 0.

- ord through

Ifthe centre O of the conic be at the ongin, then i\vcfrlg gzgrthe co-c!r;r-

the centre g bisected at the origin. If POP ,be 'é;[cbe (-x,, -y,) and
‘dinates of P pe (x,, y,), then those of P’ wi 1

| fince both the points lie on the conic, we have

1
]

B

" =0
ax, Sl 2hx, y, + by, L 2gx, + 2fy, + ¢
and ax, s 2hx, y, + by, z_ 2gx, — 2fy, + €=

0.
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iy, |
Subtracting, we get 4gx, + Ay, = 0. \

This is true for all values of x, and y, on the conjc.

Therefore g= 0 and f= 0.
Hence the equation of the conic having its centre a¢ the o %
Floy,. . |
ax*+ 2hxy+ by*+ c= 0. igin

It follows that if the origin be the centre of the copjc

1 1 . n
coefficients of the first degree terms in the equation are 3] hen y

e
Zero,

10.4. Centre of a conic.

Let the equation of the central conic be
ax®+ 2hxy+ by*+ 2gx+ 2fy+ c= 0.
Let the centre of the conic be at (x,, y,).
Transferring the origin to the point ( x, , y, ) without changing t,
directions of the axes, the equation becomes '
a(x' + x, )2+ 2h(:;’+ x )y '+ y )+ by’ + y, ) + 2 (x'+ x)
| + 2y "+ y)+ =0
- or, ax'’+ 2hx"y' + by’2+ Zr(axl‘+ hy , +g)x'
+ 2(l'1x1 + by, + ly’ + ax, '+ 2hxy, + by, *+ 2gx, + 2fy + c=\.
Now the centre being at the origin, the coefficients of x’ and y'
should separately vanish, that is, |
ax, + hy, + g= 0
and hx1+by1+f=0..
If;-xow ab - h*= 0,this system of equations is consistent and deter-

minate, that is, it has a unique-solution. In that case the co-ordinates
of the centre can be found as

=~ _ Yo _ 1 '
hf - bg gh-af ab- K
Therefore  x, = M, y, = gh-_af
ab - K ' ab- 1
- Hence the centre of the conic is given by

hf - b, b —
(ab— hqzlfb— :f;), ab— h’= 0.
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————
) \ ' ’ ) « :
hi= 0, then the ceontre s o Infinity ane

| ’ ”lf (¢ i
'\ ‘]”\l' l‘l"‘(‘ l[ I”P I’ )’ () My

(ol

. ‘n

[
Nul Kt (n |h | Al thern the ce ntre
, l‘ﬂ‘ X | the conic 18 ¢ ither an cllipse or a hy[u rbola
ant

nok: YHONS

» 100 fact

15 30 firyite

“11\ of L:I"ll-ll letters fOr ('“_f'".“”‘

J |hl‘

y in the determinant

‘T-H‘? a h g1,
h b f
g [ ¢

os of the cenlre can be wrilten as

inat
he Co.()rdl G F -~
v —, =1, C=0.
c’'C
has the came expression as D, used earlier.
- hore
ch xPl'es"mg the equation of the conic as ¢(x, y)= 0, the

Note dctcrm‘mng the centre will be given by

quatio
€ 29-0and££=0.
dx dy

Note 3. (i) For a central conic, A= 0 and D= 0.
0

The conic in this
i) For a conic having no centre (that is, for a non-central conic),
!

D=0, G=0, F= 0.

the centre is at infinity and the conic is, in fact, a parabola.

case is either an ellipse or a hyperbola.

In this cas¢,
(ii7) For @ conic having infinitely many centres,

D=0, G=20, F= 0.

10.5. Reduction of the equation of a conic.

Case 1. When the conic is central (A= 0, D= 0).
Let the equation of the conic be
ax®+ 2hxy + by*+ 2gx+ 2fy+ c= 0, (1)
whose centre is at the point (x1, ¥ ).
Transferring the origin to the centre (x,,Y) w1thout changing

the directions of the axes, the equation (1) reduces to
x4+ 2hx'y '+ by’ 2+ 2(ax, + hy, + g)x’+ 2(hx, + by, + f)y’
+ ax + 2hx; y; + by; 2gx; + 2fy 1+ ¢c= 0
or, ax’ 2+ 2hx vy’
ix 'y’ + by P+ ax T4 2hxiy + by, * + 2gx1 + 2fy
+c=0,
where ( x ) is the centre

of the , y') are the new co-ordinates and (x1,

conic so that
axy + hy,+ g= ha + by, + f=0. .o (2)
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The cxpression N
ax, >+ 2hx y, + by >+ 2gx,+ 2fy, + ¢
= x,(ax;+ hy, + g)+ y, (hx; + by, + f) + 8+ fy o .

= gx, + fyl + ¢ by (2)
if- b h- a
i) ).

since (x;, y,) is the centre of the conjc (1)

abc+ 2fgh— af'— bg®- ch® A _ y
- ab- h? D (say).

Hence the equation (1) becomes
ax'*+ 2hx'y'+ by'*+ d= 0,

in which the second degree terms remain the same as in
tion (1), first degree terms are absent and c is changed to

3
the CqUa_

d=gx1+ fy1+ c= %
Hence the equation of the conic referred to parallel axes through
the centre is of the form
Ax*+ 2Hxy + By*=1.
Let us now rotate the axes about the new origin such that the
x'y'- term is removed. The required angle of rotation will be given

2h
by tan 20 = b

Now, if the required transformed equation be
a'X*+b'Y*+d=0, RN ()
we have, by the property of invariants, |
a+ b=a’'+ b’ and ab- h*=a’b’.

These willgive a’ and b ‘and hence (4) gives the final transformed
equation which is in its standard or canonical form.

The axes of the conic are X =0 and Y = 0,
that is, (x- x,)cos 0+ (y- y,)sinB= 0 and

: : oy 2h
- (x- x,)sin 0 + (Y- y1)cos 8= 0, where 8=%tan ;‘_"};

Case II. thm the conic is non-central (A= 0, D= 0).
Let the ¢quation of the conic be N

2
B* 2hxy + byt s 2ex 4 2fy+ c=0.
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=0, that is, the
are and are of the form

.. equation will represent 5 Parabola, jf ab— 2
Thle h?e second degree form a perfect squ
ferms O(ax + py)z +2gx+2fy+c =0
2 = -
] ((M"*‘B)’) =-2gx=2fy—¢ 2
O, (ax+f3)’)2 +2(ox+By) A +22 = 2(0‘)‘_g)x+2(m“f)}’+7‘-2 -c
I, .
@ (ax_'_ﬁy_*_)')z=Z(QA—g)X‘FZ(Bl—j)y-I—(lz—C).
0% we know that in a parabola the axis and the tan
Now

icular to one another and the parabola is
rpe“dlsc l;uch that the square of ijts distance fr

. a5 its distance from the tangent at the vertex.
directly a;t us choose A such that the two straight lines
Now x4+ By+A =0 2 e (7)
a 2or-g)x+2Br-f)y+((-c)=0 o ®)
an :
at rightang - : A=—g___
are a(al—g)"‘ﬁ(ﬁk_f)_of that is, o® 1 p?
. the lines (7) and (8) are at righl; angles.
o e et lines (7) and (8) ave ol o rey the axis and the tangent
. Sttralcg)li}the parabola for this value of A.Solving (7)and (8), we get
at the vertex

bola. . : -
the vertex of the (I‘f;zse these two perpendicular straight lines as co
Let us now ¢

the CurveXareﬂgeXI’j};léendicular distance Of P(x, y) from ﬂ'le straight line (8)
Then X =

2(ar—g)x+2(BA—f)y+A’—c .9

2J(ar—g) +(Br-f) .
d Y = the perpe)!dicular distance of P(x,y) from the straig
and Y =

_ax+By+A ... (10)

itten as
Thus, with reference to the new axes, (6) can be writte
’ 2

(@ +p2)Y2 =2(ar - g)2 +(BA— f)* X

' 2

2 2J(al—g)2+(l37~—f) X y
Y = a? + B2 hose axis is the X-axis for
Which is the standard équation of a parabolaw. + ot the vertex is the

hichL:’ eS;n ' By+Ai=0 andthetangen)"l 2 o0
w = 0, atls, ax + = . v+ =
Y-axis for which X =0, thatis, 2(aA - g)x+2(BA-f)Y
With the above value of A.

(6)
gent at the vertex
the locus of 4 point
om the axis varijes

.line (7)

or,
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' s latus reclum is
The length of the :
aflar-g)>+(Br-1)? _ _2(f ~Pg) |
(x2 + BZ (az +B2)3/2 ’ pUttmg for )\

Alternative method.
Using matrices, the equation of the conic
ax? + 2hxy +by? +2gx+2 fy +c=0
can be writtenas X'AX+2B'X+cl; =0, g)
where A=fa |, X =["’J‘/ B =[ 3] and dash denotes the transpg, }
L’ l’] Y f of

the matrix. . .
The characteristic equation of the matrix A is

a-) I |=0, thatis, |[A—AI|=0.
h b= | S
Let A, and A, be the roots of this equation and D,, D2 be the
corresponding eigen vectors so that AD, =\, D, and AD, = A,D, .
Let D;” and D, be the unit eigen vectors in the directions of the
principal axes of the conic as given by (1); then the orthogonal
transformation X = PX, , where X, =[§]_ and P=[D;* D,"] tothe
n

equation (2) will reduce it to _
(PX1)'APX; + 2B'PX; + cl; = O
or, X/ (P'AP)X{+ 2B PX;+cl;=0. ... ()
Now A is a symmetric matrix. Hence there exists an orthogonal matrix
P such that P'AP is a diagonal matrix with the characteristic roots of 4
as its diagonal elements. Hence the equation (3) reduces to
X{ DXy +2B'PX;+cl; =0, where D =[7\.1 0 ] |

Thus the transformed equation is 0. %

e [78 7(32}[2] ’ Z[gf][”lil ”1722} ['%] Ty -

The reduced equation is thus '

- 2 2,5

N s ".")‘z_n +2(81 +fml)§+2(gl2 + fm, )n+c=0.
This is the principal form of the conic.,

Then, by a translation of the axes to a suitable origin, we cangetr id of

the first :
cae “'_St degree terms in § and M and the resulting equation will be the
nonical form of the given equation. ' |
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minor axis and the greater value n corresponds to the square of the

L semi-major axis.

j\L Iv
P 199
’ ’. . .
6 Lcng*hs and position of the axes of a central
0.6 P al coni
1 ” axc+2hxy+b 1/2 =1 e
" qumlion of a conic rcfc'}'rcd to its centre as origj (1)
pe !Lct us conSldcr a COﬂCCI;lI‘lC circle with the conicz)v:'. h i
- x4+ y*=r2, 'th radius r as
(2)

ion of the pair of straight lines joini _
. s joining the origi N
gin to the

ed ual K
-T:;COr }ntersedlon of (1) and (2) is
pOm 1'2 + 1 2
2 +2lu3/+b1./2 - 2J ) ey (“_iz)xz +2hxy+ b L)
i - " Y+ 0— r—z)y =0 *w«i5)

[frbe equal to any semi—ax'is of the conic, then the ci

nic at the end of .the_ axis concerned and heniglf}ilee v;zogld touch

(3) would coincide with the axis. Choosing r ssui:zklllgtﬂt zutfs
a e

jven by .
gquation (3) may represent a pair of coincident straight lines, we get th
’ e

equatiOn ¥
1\, _ L)l p2= . '
(a—;z—)(b, r?_) h?=0...(4), or, r—4—(a+b)ri2+ab—h2 =0,...(5)
hich will give the lengths of the axes. _ '
If 2 and r,> be the roots of (5) and if both be positive, then the conic

ellipse the smaller value r22 corresponds to the square of the semi-

The lengths of the major and minor axes are respectively

2 and 27y.

If ’12 = r22 and each be positive, then the conic is a circle.

If q:f‘ .and rz2 have different signs, then i:he conic is a hyperbola and
lh}e1i positive value corresponds to the square of the semi-transverse axis
while the negative v‘alue equals the square of the semi-conjugate axis.

The lengths of the axes will be 2r; and 2./|,?| , where the roots of (4)
are ’12 and (_rzz) . :

Tofi it | '

ind the position of the axes, we multiply (3) by (a —f;) and get

[ V2
a—— x2+ __l_ l 1 .
( rzj Zh(a erny{a—FJ(b—?')yz=°fgwmg
2

1Y

aq—— 2 l

( rzj 3 +2h(a_r2 ))0’+h2y2=0,by(4)r LEs {(a— lz)x+hy} =0
r

's equati :
on represents two coincident straight lines.
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f)[p

'”"..';A,

7
I angd , 2

(.: l-’/r'7)n thy=0 and (H'- l/r,?).x +hy=0 . ""'PL_ |

The first gives the equation of the major or traney "
N - X s . If; ,'."' )
second gives the minor or conjugale axis, referred to the Centre, '
. C . . . . ) ;,,‘ . &
To find the equation of axis referred to (0, 0) as origin, we i

ar(} l() '
' ’ ,! rr“’!’sf
by (x—x') and ¥ by (y-y') where (x,y) are the co‘ordinat ;} *
: . f,. N {
centre of the conic. |
) . . 5 5
If ,° be the square of the semi-major axis and 1? be that

' h iC is gi Of the , l
minor axis, then the eccentricity of the conic is gliven by M

¢ =(5* -n?)/n?, thatis, e=1-13/r .

The value of r,> mustbe substituted with its sign.

The foci of a conic lie on the major or transverse axis at equal djs;
ac from the centre where ¢ is the eccentricity and a is the len
or transverse axis. If 2 and ,> be the squares of the s
be the inclination of the major axis to the x-axis, then th
the foci will be (x'ter cos0,y + er; sin0),

The equations of the axes corresponding to »

(.‘TS(} a

emi-axeg and g

where the co-ordinates of the centre are x’,y).

The directrices are the straight lines perpendicular to the major o
transverse axis at a distance (7 / e) from the centre. Hence the

Ir equationg
B n
are (x—x')cose+(y—y')smezi?l-_-irﬁ/ /rlz —'r22 .

The length of the latus rectum is 2r22/rl .

10.7. Intersection of a conic and a straight line in a given direction.
Let the equation of the conic be _
Ssax2+2h.xy+by2+2gx+2fy+c=0- . e (D)
Let a straight line be drawn through (x;,y,) making an angle §
with the x-axis whose equation is thus
X =X Y=y

X=X _ Y-y
=—1 ) : =71 -7 .. (2
cos®  sin® ! thatis, | m - 7

where we put cos6 = / and sijn g = m.

Now a point on (2), thatis x = Xy +1r,y =y + mr will lie on the conic (1), if
a(x; +Ir)? + 2h(x; + Ir)(y; +mr) + b(y, +mr)? +2g(xl +ir)+2f(y +mr)tc= v
that is, (a2 4 bm? 4 2him)r? + 21'{(axl‘ +hy, + g)l + (hx; + by + f)'”}

+ax,® +2hx, y, oy 4 2gx 424y 4 =0, SO
" being the distance of any point on the line from (x1, 1) -
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oots of the quadratic (3) give the two valyes
‘(‘ . . . £ ) ey . ‘] l‘(‘q £
l - P(“nlb Sp interseetion of (1) and @) Of r¢ orresponding
¢ : 7 |
0 . general, a straight line ¢
) A[‘, ll 2) > = Lu‘s a C()nic i
Hend In two points

8 qu‘ation of the tangent to a conic.
105 :
nt to a conic at a point is the limiti o
The tange 1 : ; iting position of -
~ when the two points of intersection of the line and fhslraught
lin€ cide at the point. e conic

c()in . .
Let (%, Y ) be a point on the conic

S = ax 2+ 2hxy + ‘by2+ 2ex+ 2fy+ c= 0.
e Sl"“xlz+ 2hx; y, + by12+ ngl¥2f~y'l+ c= 0. RN )|
Now (4) shows that one root of (3) (Art. 10.7) is zero.

If both the roots of (3) be zero, that is to say, if (2) be a tangent to
then in addition to (4), we have
' (ax1+ hy1+g)l+(hx1+ by1+f)m=0 (5)
Eliminating'l and m between (2) and (5), we get the equation of
the tangent as :
(x- x‘)(ax1-+ hy, + g)+ (y'T yl)(hx1+ b]/]"’ f)=20
or, axx1+ h(xy1+ x1y )+ byn v gx+fy
= axi 2y 2hx, y1 + by, 2+'gx1;l- fn
| _ _ gxi- fy1- ¢, by (4).
Therefore - | '
axx, + h(xy, + xxy)+ byy, + g(x+ xl)+ f(y+ y1)+ c=0.
This is the equation of the tangent to S= 0 at the point (x,, y¥,)
and is genefally written for convenience as T= 0.
Note. To write T from S we are to replace x2 by xx1,

y* by yy., 2xy by (xy: + x1y), 2x by (x+ x.) and 2y by (y+ v ) and
lo retain the constant term as it is.

(1)

109. Condition of tangency of a straight line to a conic.

Let the straight line Ix+ my+ n= 0 (1)

be a tangent to the conic S = O at the point (X, ¥ )
Then - T=0

that ;
m?: 15 ("}" + hy + g)x+ (hx, + by, + Hy+ (g + o=
St be identical with (1). |
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Comparing the cocfficients of x, y and the abS()]u(Q,ern\
ax, + hy, + § Jix, + by, + f__ S+ fy, + ¢ = hay,
[ - m T a = (say).
Then ax, + hy,+ g- [A=0,
hx, + by, + f- mA=10
and gx;+ fy;+ c-nk=0.
Also, since (x,, y,) lies on (1), we haye Ix, + MY+ n= ()

Eliminating x,, y; and A, we get the required condition 3

=0

~0Q T N8
o>
S
ox I ~

or, Al*+ Bm*+ Cn’+ 2Fmn+ 2Gnl+ 2 Him = 0
where A, B, C,

’

...... are the co-factors of a, b, c,

...... in
a h gl
h b f
g f ¢

10.10. Equation of a pair of tangents.

Let the equation of the conic be
S=ax®+ 2hxy+ by’ + 2¢x+ 2fy + c= 0. ,
The equation of the chord of contact of tangents drawn from the
point (x,, y,) is

T= axx;+ hixy: + x1y)+ byy, + g(x+ x )V+ fly+ y1)+ c= 0.
Now the equation S+ A T?< 0,
“thatis, ax®+ 2xy+ by’ + 2¢x+ 2fy+ ¢

+ klaxx, + h(xyr+ xy)+ byyi + g(x+ x )+ f@+‘y1)+ c]2= 0

represents all conics having double contact with the conic S = 0at thfi
ends of the chord T= 0. If this conic passes through the po!"

i t
(x,, y,), then it becomes the pair of tangents from the P""n
(x,, y,). Thus, if (x, y) be replaced by (x,, y, ), then this becomes

S+ A5 %*=0.
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L 2yt byt 2830+ 2fyie o

“" " t‘\l

'l. v . > H ¢
S he L.quahon of the pair of tangents is 55, = T2,

mrector circle.

ow that the

tangents can be

locus of a point from which a pair of perpen-
drawn to a conic is called the director circle of

vhe b . . .
th be a point on the director circle of the conic

Lct(.’ﬁr y\ B
o+ 2yt by >+ 2gx+ 2fy+ c= 0.

S
—pen the cquation of the 1pair of tangents from the point
(Xyr yl) to the conic S=01s T—=.Sbl ;
that iSJ

L, + h(xy, + xl}/)+ byy1+ g(:c+ xl)+f(y+ y1)+ C}z
= (ax’+ 2hxy + by * + 2gx¥ 2fy + c)
X (ax12+ th[y1+ by12+ 2gx1+ ny1+ C).

If the two tangents be at right angles as is the case here, then the
«um of the cocfficients of x2 and y 7 is zero.

This gives (ux1 + hy, + &) 2_ 48y + (hxi + byr+ f) >~ 0S,=0

or, (axi+ hyi+ g)’+ (hxi+ by, + f?
- (a+ b)(ax, >+ 2hx Yy, + by, >+ 2gx, + 2fy,+ ¢)=10

or, (hi= ab)(x, >+ y,2)+ 2Ahf- bg) X+ 2 (gh- af) ¥
+ f2+ g2- bc— ca= 0.

HL’ o > 3 . . . .
nce the director circle which is the locus of (x,, Y,) 18

h? - 2 2
(h™~ab)(x + y?)+ 2(hf - bg) x + 2 (gh af )y
+ f3+ gz— be- ca= 0.

he equation reduces

Note. | ' ‘
- If the coni >
¢ conic be a parabola, then 2= aband t
e directrix

to2( ¢
or'm(e'j‘ bg)x+ 2(gh - af ) : hich is th
Parabola. afYy+ f~+ &7 — be — ca= 0, which 15
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: ion of the chord of contact of (4, )
10.12. Equalic Mg Nty .
We know that the chord of contact of tangen. re
. . . . . ~ » )'
v, ) is the straight line joining the points of cont, "
("1I.| '(rf)f”m \

of tangents from the external point (xl » ¥, ) to the COnijc Paj,

Let (x,, y.) be a point outside the conic

Smoax?+ 2hxy+ by’ + 2gx4 2y 4 c=
We know that two tangents can be drawn from (%, ),
conic and let the points of contact be (x,, ¥, ) and (x, y )' O th
’ 3 ).
Now the equation of the tangent at ( x,, Y,)t0 S= (s
axx ,+ h(xy , + yx,) + byy ,+ g(x+ x,)+ fly + Y)+c=0
It passes through the point ( x i+ ¥ ) Therefore
ax;x»; + h(xlyz+ y,xz) + bylyZ + g(x; + X3)+ f(}/l + y2)+ c= ()
Similarly, since the tangent at (x

3/ ¥3) passes thr()ugh
(x,, y,) we have

ax,x;+ h(xy; + y,x)) + byy, + g + )+ fly, + Ys) + c= 0.

These two relations show that both the points (x,, y,) and
(x;, y,) lic on the straight line ‘

axx, + h(xy,+ x,y )+ byy, + g(x+ x)+ fly+ y,)+ c=0

which is the chord of contact of the tange
(x,, y,) to the conic S= 0.

’

nts drawn from the point

10.13. Equation of the normal to a conjc.

We know that the normal to a conic at a point is the straight line
which passes through the point and which is perpendicular to the |
tangent of the conic at that point. |

The equation of the tangent at the point ( x;, y; ) to the conic |

+ 2¢x + 2fy+ c= 0

hxl+ byl'f'f)"' gx,+fy.+ C= O-
Its slope is (- fﬁ-i.’_'ﬂ:_xj

Sw ax’+ thyf byz

" is x(ax, + hy, + g)+ y(

hx, + byl+}‘

Then the slope of the normal will be iy + by + y |

ax, + hy + g
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[, EQUATION OF SECOND Dy

W 20
‘ 05
, the Cqunlmn of the el 1 . __v\\\'

0 at ( x

I‘I“nCL e YY) de
vy T by e e
. ok ﬂx|+liy'+}(-f~xl)
-~...1')("x1+by1+f)"( -
(= Y= ) (ax, s hy o oy

0 r:

014 Equalion of the pOlar with respect to a coni
10 nic,
we kno
jocus of the
Let AB b€ 2 chord passing through the point P ( x ) and |
he tangents at A and B to the conic S= 0 mecet in T!('O.’l/u nd let
:ocus of T is the pol‘ar. | , B). The
ow AB is the chord of contact of the tangent
p) to the conic S= 0. So its equation is gent drawn from

w that the polar of a point with res
point of intersection of the tange
f the chords drawn through that

le of the polar. i

Pect to a conic is the
r.1ts to the conic at the
oint and the point itself

r(a,
ox+ h(Px+ ay)+ bPy+ g(x+ a)+ f(y+B)+ c=0.

This passes through the point P (x,, y,).

Therefore aax, + h(Bx; + oy, )+ bBy, + g(x,+ a)
' +f(y1+ B)+ c=0.

Hence the locus of T (., B)is
axx,+ h(xy, + xly)—f- byy, + g(x+ x, )+ f(y+ y )+ c=0.

This is the 'po'lér of the point P with respect to the conic S= 0.

This is the equation of a straight line and so the polar of a point with

respect to a conic is a straight line.

Note. The polar of a point with respect to a conic may also be defined

in another way. .
that the segments

let A, B, C D be four points on a line such
1 _ .2, thatis, ABis

—

1
AC, ABand AD are in H. P. In other words, ==+ 25

llh;i‘;:monig mean between AC and AD. The points C, D are said to be the

ic conjugates of the poinls A, B and vice-versa. :

_ fixed point P’ with respect to“lhcci:

the Poxflts in which any straight line through P cuts a given conic 1S C?)lacr.
polar of p with respect to the conic and P is called the pole of this pola

Th : '
wo ¢ locus of the harmonic conjugale of a

Yy
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The equation of the !\(\I,\ r of the point P(x, Y1) with fog

' . . et
SCw 0 n\1\'n|:(v|w‘l‘h'ﬂ'nr"‘V'”‘ the help of this ‘“'hfﬂfh)n h"q
Any straight line through P (x1, y1)is

X0 Yo, where 174 m?a 1,
/ rm

For the points of intersection of the line and the COnic, we have
a(xy+ Ir)?+ 2i(xa+ Ir)(yp+ mr)+ b(yi+ mr)?, 28 (x; 4 I
t 2 (y s mr) gy

or, 1¥al * + 2ilm + bm® )+ 2r {(ax; + hy; + g)l + (hxy + by, 4 f)
+ (axi’+ Uxiyi+ by P+ 2gx 4 2y + ¢

)
l-(}

711}

- 0
The roots r,, r, of the quadratic equation in r give the directeq dist
of the points of intersection from the point ( x, , ¥, ). By the definy Ancry
Ion’ [}fa

directed distance p of any point (a, ) on the polar is the harmop;
¢m

between r, and r,. €an

2 1 1 T
Hence — = —+ — =
h = £ )

-2 [(ax,+ hy, + g) 1+ (fix, + by, + f)m)|
a112+ 2hx y, + bylz+ 28x; + 2fy. + ¢ IR ¢

a- x -y a- x -
Also g '-p,whence | = l,m...‘3 4
[ m P P

Therefore, from (1), we get
ax, >+ 2hx y + by 2+ 2gx + 2fy, + ¢
= —{(ax,+ hy,+ g) (a-x) + (hx,+ by, + f) (B - y,)

or, aax; + h(ay, + fix, )+ bBy, + g(a+ x; )+ f(B + Y, )+ c=0.
Hence the locus of (a, B)is '

axx; + h(xy, + yx )+ byy, + g(x+ x,)+ f(y+ y,)+ c= 0.
This is the cquation of the polar of the point P with respect to the conic

S=0.
10.15. The pole of a straight line with respect to a conic.

We know that the pole of the straight line Ix+ my+ n=10 w't::
respect to the conic S= 0 is the point whose polar with respect (0!
conic S = 0 is the straight line Ix+ my + n= 0. | |




r
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Al ICQUA'I'I()N OF SKECOND DEGREF
NEE ' 2077
Gl
g sole of ‘h“‘!;l!ﬂi,"'ﬂ line Iy o oy s o= () with re spect tey the
! 0 be the point (x,, %) o
f.“’i‘ .‘N .
( e the l““'"- of (x;0 ¥y) with respect to the conic 5= 0 is
NO '
411\,4,'(“‘/1*.l/"!)*hy%*x(" x, )+ f(y+ y )+ c= 0
ooy hy, + §)+ y (x4 by + [)+ (gx 4 fy, v )= 0
ol 7 ‘
This o then identical with the equation Ix + my + rn = 0.
ax, + hy, + & hx, + by, + [ gx,+ fy, + c

The refore = | m ’
), that is, the pole can be determined.

Fron'\ th’SC, (.'\'1 ’ yl

Note- properties of pole and polar have been discussed in Chapter VI

10.16. Chords in terms of the middle point.

Let the equa
Ge ax 24 2hxy

- 25:}__‘1 = y—:—n—ﬁ - r be a straight line.
For their points of intersection, we have
/2 (al >+ 2him + b2 ) + 2r{l(ac+ KB+ g)+ m (ho + b+ )}
v ac?+ 2haP+ bBI+ 2go+ 2B+ c=0,
.e distance of any point from the point (&, B)-

If (a, B) be the middle point of the chord, then the values of r
as given by the above quadratic equation will be equal and opposite,
that is, the coefficient of r will be zero. Thus

(aa+ W+ g) 1+ (ha+ bp+ f)m= 0.

tion of the conic be
+ by2+ 2ex+ 2fy+ c= 0

r being tl

Elimilnating | and m, we get
(aos hp+ g) (x— @)+ (ha+ bp+ f)(y=PF)=0
or, aax 4 bPy + h (xp + ya )+ g(x+ a)+ f(y+ B)+c

- a0+ 2haf + b+ 2go+ 2P+ c-

This is the equation of the chord in terms of the middle point.

Note. This is symbolically expressed as T=S',
angent to the conic S = 0 at the point

wi )
ere Tw= 0 is the equaltion of the t
d from S by replacing x. ¥ by a, B

(a, B)
! and S’ is the expression obtaine
reSPEClively_ pre -
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10.17. Diameters and conjugate "“'""ﬂ‘?l'ﬂ.\

We know that the locus of the middle points of
chords of a conic is called a diameler of the conijc With re.
system of parallel chords. 0y,

4 Syiten, of |
; Q
""l(( ‘ “('l

Consider the conic
Swoax?+ 2hxy+ by 4 29x+ 2fy v c= ()

Lo X=—0 y=f
and the straight line - e

Let the straight line be a chord of the conic § = (0 ang (a, g
. 41 B . 4
the middle point of the chord. Then, from the previoug artic| ) b

el
(ac+ W+ g)l+ (hoa+ D+ fYm= 0,

"Thus the locus of the middle points of the chords pParallel y,
: ¢

. . X 1
straight line > =
I m

is x(al+ hm)+ y(hl+ b))+ gl+ fm= 0,
which is called the diameter of the system of chords parallel to the

straight line -Jic-- L and is a straight linc.
m

If the diameter be parallel to the straight line 7'7-(7 = 2, then
m

al + hmu _ hl+ bm
m' !’

or, all"+ h(Im'+ 1"m)+ bmm "= 0.

The symmetry of the result shows that the djiameter bisecting the
chords parallel to the straight line '

.
1 [} ”1 ’
is parallel to the straight linc‘%n X,
. e m

Thus{ if a diameter bisecls chords parallel to a second diameter, then the
second diameter bisects chords parallel to the first.

Such a Pair of diameters jg called conjugate diameters.

Cor. If the two straig

' 4 ht lines Y= mx and y= m,x be parallel to
the conjugate diamete

rs of the conic S = () , then

a+ h(mI + m, )+ bml my= 0.

Note. Properties :
. rties i
perties of conjugate diameters have been discussed in Chapter vil.
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NER/
(;l'n\ 2009
Inwl._‘;cclmn of two conics,
10'1‘ ‘ pqunlinn of the conic
The . T :
.s = 1\ { 2/7\\' 4 ,7\"" i ‘)}r\ . D) /\A ' ()
w 4 ('
’ - - - ) Ny y s Ay ’

AinS ciX constants. Of ”‘,( se, five are independent as obtai
cont Py any one of them. So a conic in general m: ained by
ii\'ldm'" 1f five point ’ al may be made to satisfy

. X ’0 . . p = ) ’ L4 N /
5 ,.‘-m'ld““m’“' i -( points on a conic be given, then the equation of th :
!‘\(, can e d(,‘l(‘l‘lﬂlﬂ(‘d. ol

10 . .
con e of the points i i :

]mt' if four ( l] : 'C on a Strdlght llnc, then we gp[ an infinite
ﬂnﬂl"“' of conics as the equations are not sufficient to get the values of the
" constants: |

ra it c 1 . )
] intersect in four points, real or imaginary; for

H“Two conics in gene
1iminating y between S =0 and
C — . x2

| o oE +2h xy+ by’ +2gx+2fiy+c, =0,

nequation Of_the fourth degree in y which gives four values of y.

ondingly there are four values of x. Hence there are four points of

of which two or more points may coincide, or two or all of

£ W gCt a
* . Corresp .
’ intersechon, .
- them may be imaginary.
& 10.19. Conics in general. |

e equation of any conic passing through the points of intersection
f Ofthe two ConjCS S = 0 and Sl -0 is v

| S+ }\.Sl =0*. (1)

(1) is an equation of second degree and hence is a conic passing

through the points commonto §=0 and S, =0.
ndition determines A .
be the equations of two straight lines whose

Some other given €O
- Letu=0 and V=0
combined equationis UV =0 -
The equation of the conic passing
s=0and UV = 0 is of the form
.. @

S+ UV =0- ‘
- LetA,Band C, D be the points of intersection of U =0 and VvV = 0with
S=0respectively. Then S+AUV = o0 will represent a conic passing
 through the points A, B, C, D- |
;}i‘}\eegs\sral ff)rm of the equation o.f
atbitrary CCO(:lr;ltCS S=0 an.d S5, =01s A S+

ants, not simultaneously equ

. AAG-14

through the points of intersection of

g through the intersection

any conic passin
and A, aretwo

AyS; = 0, where A,
al to zero.




N

4 "'l

) (,“.‘
If A and B coincide, then § 4+ AUV = 0touches lhuh

two conicident points at A. 0 ap,
It ;
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If the two straight lines be coincident, then the points 4 ;
as also the points B and D coincide. |
Then the equation of the conic having double contact wi, |
§ = 0 at the points cut by the straight line ([ =0 is §4 72 _ Olhe COn, ‘
). is determinéd from some other given condition. ' |
If again A, B, C coincide but D remains distinct, then the str
U =0 becomes the tangent at A to the conic § = 0 and the line
straight line U = 0. This is the case of three point contact.
Lastly, if A, B, C, D all coincide, then U = 0 coincides with y 0b |
being tangents to the conic at A. The conic in this case becg "
S+2U? =0 . The conic is said to have four point contact. e

nd ¢

- Ctyy |
.(”n(l"i )
6 i

. 3
alght Ijn& i
AD]S the i

10.20. Illustrative Examples.

Ex. 1. Reduce the following equations to their canonical forms and determiy
. 4
the nature of the conics represented by them : '

(i) 3x*> +2xy+3y* —16x+20=0; [K. H. 1993
(ii) x> +4xy+y* —2x+2y+6=0; [V. H. 199
(iif) 6x* —5xy—6y> +14x+5y+4=0; [B. H.199))
(iv) 4x* +4xy+y* —12x—6y+5=0; [C. H. 1981]

(v) 3x2+10xy+3y? —2x—14y—13=0.

(i)Here a=3,b=3,h=1,g=-8,f =0 and ¢=20.

Therefore A = abc+2 fgh—af* —bg* - ch? |
=3.3.20+2.0(-8).1-3.0-3.(-8)* —20.(1)* =-32#0

and D=ab-h*=33-1"=8#0-

Hence it is a central conic.

Let the centre of the conic be at (., p) . o

Transferring the origin to the point (a,p) without changing the

directions of the axes, the equation becomes with (x',y’) as new ¢0-
ordinates

3(x'+a) +2(x"+a)(y' +B)+3(y +B)° —16(x"+a)+20=0
or, 3x’? +2x7y" + 3y"? +2x' (3o + [3—8)+2y’(a+3[3)
+(30% +20B+3p? — 160 +20) = 0.
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11 the centre, cocfficients of ¥ and v’ sheyuled ferg fol
YAFAr /

e 4 ,
IJI‘L lh"“ - 0 and o4 =0, whe nrn O 3, = 1
" f- e of the conic is at (3, -
,-i‘:‘\‘ﬁ ulmhnn (l) with origin at (3 ~1) , becomes
;hrn“ a4 2y 4 3y - 4= 0.
he x'y'-term, we rotate the axes through an angle 0.
fof wt\;; rotation, the equation reduces to [ with new co-ordinates
pnf
Nl in 0)2 z(XcosO-YSInO)(X sinf+ Y cos 0
(M cos 0~ s
3(X T+ 3(X sin0+ Y cos 0)' - 4
3+sm20)+2XY cos 20 + Y3 - sin 20) = 4. e (2)
or/ X g val of XY-term, we require that
the remo
For cos20 = 0, that is, 0 = Zn
;) becomes
hen (% X3+ 1)+ Y3-1)=4
X Y
— Y —= 1.
or, 1 2
This is the required reduced canonical form of the given equation.
This represents an ellipse.

(ii)Herea-b-I,h- 2,8g=-1,f=1,c=6.

Therefore A = 1.1.6 + 2.1.(- 1).2- .]'12_ 1(- 1)%- 6.2 i T
and D=1-4=-3=0.

Hence it is a central conic.
Let the centre of the conic be at (a, f).
The equations determining the centre are
a+2-1=0and 2a+ B+ 1= 0, giving = -1, p=1.
The reduced equation with the centre at the origin is

2 L ' A i ’
* +4xy+1/2+ D™ 0, that is, X%+ 4x'y' + y2+ 8=10.

If i
the finally reduced equation after rotation be
aX*+ bY?4 8= 0,
then '
en, by the theory of invariants, we have

a '
|.+b=-]+ 1"28nd b = 1 — 4 = - 3.
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Therefore a'= — 1, 3 and corresponding b"= 3, _ 1 \

Hence the reduced standard form of the given equation is

: X Y
cither - X*+ 3Y?+ 8= 0, that is, <= ek
2 T
2 2
or 3X*- Y°+ 8= 0, that is, 8_8/3"11

each of which is a hyperbola, the equations being in the Canonica] ¢
: Orm,

Note. The transformation can also be effected by the rotat;

through an angle 6, given by on of g

tan 20 = lb » giving 0 = % in this case.

a-—
(i) Here a= 6, b= =6, h= =2/ g= 7, f=2/cm 4.
Therefore A = 6.(— 6).4 + 22.7.(- ) - 6.(3)" - (- 6)(7)* - 4.(-

25 169

5\2
=0

Thus the given equation represents a pair of intersecting straight line

The equations giving their point of intersection (a, B) are

12a—- 5B+ 14= 0, — 5a- 128+ 5= 0, whence a = - -%, fs-:_g.

Shifting the origin to the point (@, B), thatis, to the point (- 2+ 1), withoy

changing the directions of the axes, the given equation reduces to
6x't = 5x'y’ - 6y't= 0.

Rotating the axes through an angle 0 with the same origin, this equation
becomes [ with new co-ordinates (X, Y) ]

6(X cos 8- Y sin0)*= 5(X cos0 - Y sin@)(X sin0+ Y cos 6)

~ 6(X sin@+ Y cos 0)2 = 0
or, (6 cos 26 - 3sin 20)X* - (5 cos 20 + 12 s)in 20)XY

~ (6 cos 20 - 2 sin 20)Y*= 0.

To remove the XY-term, we put 5 cos 20 + 12 sin20 = 0

'sin20  cos 26 1

or, 1. _b
=5 12 13

With these values, the given equation reduces to X-Y=0 which !

represents two intersecting straight lines

X— Y- O’ X+ Y- 0.

|
|
|
|
4
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. _4.b=1h=2,0=-06,/==-3,¢c=5_

N
—
-

J

(o) HeT ”
a4 - = B ~\2
Tl cro(orC A=4.1.54 "( })( ())2 4 3) L( (’)) 52 =0
1 _ 2 0. )
md D= A= t MO
g ,the given equa ion represents a pair of parallel straight lines
I,{t“m o the axes through an angle 0 with the s same origin, the given
a-m hecomes [wllh new co-ordinates (X, Y)]
alic
4(“0\0, )’smG) +4(Xcos0 Y%m@)(X sin0+Y cos0)

+(Xsme+)’c099) —12(X cos@ - Y sin @)
~6(Xsin0+Ycos0)+5=0

3 . |
- (_251+25in 20+ Ecos 26)X2 +(4cqs 20-3s5in20)XY
. 3
+(.5i_2smze—-2-cosze)y2 ~2(6c0s6+3sin0) X
+2(65in8 3cosO)Y+5 0.

Toremove the XY -term, we put 4 cos26 —3sin26 = 0
sin20 cos20 _ 1

o, — = =

3 5 B

:’ in0 — cos 6 = taking the positive sign

e Sln = ’ = / 1 -
[herefor /5 / 5 P

with these values, the given equation reduces to

_6/5X+5=0

, | 1
or, (X—‘/g)( ‘\—/—s_)zol
~which represents two parallel straight lines

1
x—A/5 = o, X——o=0
Js

(v)Here a=3,b=3,h=5,g=—1, f=—7 and c=-13.

Hence A=|a HK|=[|3 5|
h b 5 3

The characteristic equationis |A-M[=0

(L s mio s Bae e aes L g L beh L LD TR | Yol dai ) NS At T e bl o M e ot e P e i ) S LSS M et Pt e O U el Bk

5 3 -
or, 22 —_61r—16=0,whence A
The Characteris‘tic roots are thus 8 and (-2 )-

or, 3—A 5 [=0
A

~8,-2.
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For % =8, the eigen vector is k ll
1

J. Therefore Dj':, ‘

5" = 47

For »=-2, the eigen vector is kz[ ]J - Therefore D
-1

The given equation, when transferred to the Principa] gyg - |
i
. L 1
[ n][8 0J[g]-+zr-1 “MNE e ~13l <o
0 -2]n L _ 1|y
V2. N2

which is 822 - 292 _ 8v2E+6+2n —13 =0

or, 8(&—%)2—2(n—-j—5)2=8.

Now transferring the origin with translation of

axes such that
X=g-L,Y=n-23

7 v (X, Y) being the new co-ordinates, the Canonicy|
form of the equation becomes 8X2_2y2_g
XZ YZ .
or, —_—— =1
1 4

Hence the given equation represents a hyperbola.
Ex.2. Discuss the nature of the conics
(1) 4x? —4xy.+ Y2 +2x-26y+9=0.
(i) x* —6xy+9y2 +12x-16y-8=0. .
() Here a=4,b=1h=- 2,¢=1,f=-13,¢c=09.
Therefore A =4.1.94 2(—13).1 .(—2) = 4(—13)2 ~1.1%~ 9.(—2)2 :

. =—625# ()
and D=4.1-22=.

Hence the given equation represenfs a parabola.
The given equation may be written as

(2x-y)? +2x-26y+9=(
or, (2x-y+ Z.)z =

="2x+26y-9+2% + 42x— 22,
=22 -1)x+2(13-2) y 422 _ g , A being any constant.
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i
: chosen that the two straight lines
. 50 - - -
3 1 r=0 and 2(2A=1)x+2(13-A) y+ 22920

Laltib
lL 2 :E—)\._:'_l_l — __l tI t .
ives - ,thatis, A =3.

ThisS" ) 13-A

[hen the given equation becomes
(2_\‘-')“*‘3)2 —10x+20y=10(x+2y)
(ZX’)’+3)2'=_19_{ x+2y}

or,/?f NN TR

e twWo perpendicular straight lines

Takiﬂgth
x+2y=0 and 2X'—y+3= 0
ssthe axes of co-ordinates, the formulae of transformation are
iji_f_l_y_ and ¥ = 2x—y+3
J1+2? J22+1
‘ 10
___X .

this equation reduces to the canonical form y> = 5

and
Thus the given ‘equation represents a parabola whose axis is
3=0, the equation of the tangent at the vertex is x+2y=0and

Ix—y+
the length of the latus rectum is 2+/5 units.

(i) Here a=1,0=9, h=—3,g=6,f=—8 and c=-8.

A=|a Wl=[ 1 -3/

n bl |[-3 9
1-A —3|=A%-10A=0
-3 9- |

Therefore | A=A | =

is the characteristic equation, whose roots are 0, 10. -~

For .=0, the eigen vector is ky [ 3] "
1

4]
1
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For =10, the eigen vectoris k, [— ]J . Therefore a7 1 §
2 S
’ Tl )
3

The equation, when transferred to the Principa] axes, |
’ ECom

0 0 2[6 -8 _3 —1 N

€

L3 fLm
Vio V1o
which gives - 10r|2+2\/1_0§- 6\/En -8=0"
2
or, 5(1]———3 ] +\/-1_6( -17_ =0.
V10 210
Transferring the origin with transl

ation of axes such
17

)
X=E- and Y =n-——, (X,Y) being the -ordij
T 1 Tio g new co-ordinates,

we have the canonical form of the given equationas 5y2 _ ~J1ox

or, ' ryr=-|=x.

Hence the given equation represents a parabola.

Ex.3. Establish the nature of the following curves and find the centre, semi.
axes and eccentricity, ifany : |

() 11x* +4xy+14y* —26x-32y+23=0; [C. H. 2002]
(i1) x* +24xy—6y® +28x+36y+16=0.
()Here a=11,b= 14,c=23, f=-16,g=-13,h=2.

Therefore A = gbe + 2feh—af? —bg? — ch?

-1 1.14.23+2(-16)(~13) .2 -1 1.(-16)% —14.(-13)* - 23.(2)°

= 3542+832—2816—2366—92=—9OO <0

and D=qah—p2 =1].14_22 =154-4=150>0.

Hence the conic is an ellipse (a central conic).
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ﬁ].;l\”';/
re of the conic be at («,[3).

Hu cent

Jions determining the centre are
o+ 2[3~I3~() and a+7p-8=0.

<o cquations, we et (1, s v v
vlnb” Jese equ get (1, 1) as the co-ordinates of the centre.

Tl " cquf‘“on of the conic referred to the centre as origin is
. ¢

11x +4xy+14y +¢'=0,where ¢ =
o the equation of the conic referred to the centre as origin is

= —0.

Therefor
l(llx +4xy+14y )—I

The equatlonz gwmg the lenghts of the axes, is
8-
(” “2)e6 r*/ \6

7
3 , 2

)5yt —2572 +6=0,8IVINg =g =g
and rf confirm that the conic is an ellipse.
xis (referred to the centre as origin) is

or,

The signs of r
The equation of the major a

(“ 5)x+—%y=0,thatis., x+2y=0.

s 3/ 6

ion of the minor axis (referred to the centre as origin) is

The equatl
‘ (H—i) xX+—= 2y 0, thatls, 2x y=0.
6 -2 6 /
Shifting the origin pack to (0, 0), we get these equatlons referred to the

origin as (x—1)+2(y—1)=0,thatls,x+2y -3=0,

e
which is the major axis and its length is 2\/-5: units.
inor axis referred to (0,0)aso

0

Similarly, the equation of the m rigin Is
2(x—1)—(y—1)=0, thatis, 2x¥~ y-1=

and jts length is 2\/§ units.

5
The eccentrlclty eis given by € =, / \/ = \/‘
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(i) Here a= 1, b= =6, ¢= 16, y= 18, g= 14, ), 12 \

Therefore
A=1.(=6).16+ 2.18.14 .12~ 1.(18)2- (- 6) (14) 2
- —96 + 6048 ~ 324 + 1176 — 2304 = 4500 > ¢

h 16'(12)2

and D= 1.(=6)= (12)*= -6 144 = - 150 < .

The conic is a hyperbola. The equations giving the centre (« )
’ are

a+ 128+ 14 =0 and 2a~ B+ 3 = 0, so that the centre s at (= 5
S,

The equation of the conic referred to the centre (-2, -1) a Oripi
8in jg

x*+ 2AUxy- 6y’+ %-0 _
or, x*+ 24x_y-6y2- 30=0
1 2 _ 2y
or, 30(.7: + Axy - 6y~ )= 1.
The equation giving the lengths of the axes is
1_1)(_ 6 _1)_(12)>
30 ,? 30 ,2 30
or, (r*’=30)(r%+ 5)= — 24,4
or, (r2-3)(r2+ 2) =0, giving T,?'-Band r23_ -2

This confirms that the conic is a hyperbola of eccentricity e given by

/ r 2 / -
em= 1-—2—2- ]+-%-V3-
7y 3 3

Equation of the transverse axis referred to the centre as origin is

3073
and referred to (0, 0) as origin is

3(x+ 2)-4(y+ 1)= 0, that is, 3x - 4y + 2= 0 and its length is 2V3.

(1 ])x+ %y-ﬂ, that is, 3x - 4y = 0

The equation of the conjugate axis referred to the centre as origin is

1 _1 12 .
30" 22 |X* 30¥= 0, that is, 4x+ 3y =0

and referred to (0, 0) as originis 4 (x+ 2)+ 3(y+ 1) = 0,
that is, 4x + 3y+ 11 = 0 and its length is 2 | ry, | = 2vZ.
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palues of b and g such that the equalio)
: 1

4x 2+ Bxy+ by2+ 28X+ Ay 4+ 1=

g comic without any centre, (1i) a conic having infinitel
cly muny ce
ntres

als ' 4
o der that the general equation of the
Lt any centre, we have -

ab-hz— 0, hf~ bg= 0 and gh - afw 0
2_.0,42- bg= 0 and g4 - 42x 0. :

seco ]
nd degree represents a

4 and g= 2.

- 42"' OI 4'2- bg- O/ 8-4— 4.2- O.

tis, 4
i< p=4and g= 2.

these 81V¢
. tion to the conic hicl
5. Find the cqua ¢ whiclh passes through t '

El’)‘ and  also through -thc intersections  of tie reC;::?:
(;;Zf.‘/* 51;_. 7x- 8y+ 6 =10 with the straight lines 2x- y- 5= 0
F ey 1170 . .

The equau'on of the required conic Is of the form

x2+2r'l/+ syz_ 7x-8y+ 6 + )\(Zr—y— 5)(314. y- 11)_0'_ o (1)

This passes through the point (1, 1).

Therefore = 1+ M- 4)(-7=0, giving A = _21;

from (1), the required equation of the conic is

Hence,
- 5)(3x+y-11)=0

P+ 2xy+ 54— 7x - 8y+ 6+ .215(2_1«_ y

or, 34x* + 55xy + 139_1/2—— 233x— 218y + 223 = 0.

Ex. 6. A circle cuts the parabola = 4ax at the four points
(”'ilf 2at.), (1= 1, 2, 3, 4). Show that t. + t, + b+ b= 0.
Let the equation of the circle be '
x*+ y2+ 2gx+ 2fy+ c= 0.
If it meets the parabola at the point (at’, 2at), then
QP+ 4a't’ + ?Agtz + daft+ c= 0

o 2t + 2at’(2a+ g) + 4aft + <= 0.
l::eist:ebiquad.ratic in t, having four roots ti 7

coefficient of #° is zero, the sum of the

f2, t3, ts-
four roots is zero.

In oth
e
rwords,  + t,+ t;+ t,=0.
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1. Transform the following ecquations to Canonicy)

5 f()rms .
) -1 4xy + 4y” - 20x+ 10y - 50 = ¢ . (B. i 2004.]

(i) 3x°— 2xy+ 3y’ - 4x- 4y — 12= 0,

(i17) X - 6xy + yz— dx—- 4y + 12= 0.

(fv) 3x*+ 10xy + 3y*~ 12x—- 12y + 4= .
(0) X+ 2xy+ y' - 4x— 4y+ 3= 0.

(vi) 9+ 24xy+ 16y° - 126x+ 82y~ 59 (|

2. (a) Reducing the following equations to thej, o
forms, determine the nature of the conics represented by thenr:omca]

() "+ 4xy+ 4y’ + 4x+ y~ 15= 0. - - [V.H 1953
() X - 2xy+ 24>~ 4x- 6y+ 3=0. [C H. 1980 ; B. 1997,
(b) Reduce the equation
x*~ 5xy+ y*+ 8x— 20y +.15= 0
to its standard form and show that it represents a hyperbola,
[ C. H. 199
3. Reducing the equation | |
4x* & 4xy + y’z_ dx - 2y + a= 0

to its canonical form, determine the nature of the conic for different

values of a. [V.H. 1992 ; N.B. H. 1993 ;iC. H. 1994]

4. Show that the conic given by
(1) 3x° - 8xy - 3y’ + 10x— 13y + 8= 0
represents a hyperbola ;
| (i) 3x* - 5xy + 6y°+ 11x - 17y + 13=10
represents an ellipse ;
-(iif) 9+ 24xy + 16y* + 3dx+ 62y + 47 = 0
represents a parabola ;
(D) x* — 4xy + 44>~ 12x— 6y 39= 0

represents a parabola.



SIECOND DEGRIET
219

.QUATION OF

PN
NP
(v | (hat the cquali(m
w
8

- e oxy t ‘)y2 + dx+ 12y - 5=0

X
) " air of parallc

3, 15xy * 9x+ 3y+ 1=10

.~ 20x ) .
i) Jir of intersecting straight lines which are equidistant
[ C. H. 1981 |

] straight lines.

he equation .

0™ " opow that t
44x — 58y + 71=0

4xy + llyz—-

14x" -
se whose centre is at (2, 3).

ont [ B. H. 1990 ]
ep™ LOW that the equation

2o 3yt yz-!- 10x — 10y + 21 =0
. hyperbola whose centre is at (=2, 2). [ B. H. 1987 ]

ss the nature of t
14y* - 58x— 4y + 71 = 0;

feSentS

7. Disc4
o 15— BYT

.rep he conic

[B. H. 2002]

2, 10x— 10y + 21=0;

8y 2+ 46x + 28y + 17= 0.

17x %= 12xy ™+
-axes, if any.

ccentricity and semi

(i)
Find the centre, €
8. (a) Show that the equation

() 97 - 24xy + 16y° - 18% - 101y + 19= 0
parabola whose latus rectum is 3.

represents a
bz)(x2 + yz) = (ax + by - ab)?

(i) @+
- 2ab
represents 2 parabola of latus rectum 7T "

(b) Show that the equation

| () 4x’- dxy + y*— 8x-— 6y+ 5=10
i represents a parabola whose axis is the straight line 2x— ¥ = 1=0
 and latus rectum is 4/V5 - [C. H. 1993 B. H. 1994 ]
(i) (Bx+ 4y)*+ 8x— 156y — 95= 0
ht line 3x + 4y = 12 and

re L. .
presents a parabola whose axis 15 the straig

latus rectum iS 4‘
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9. (a) Show that the foci of the conic N

x’— bxy+ y?- 2x- 2y+ 5=
are (1, 1) and (-2, - 2).

(b) Show that the foci and the directrices of the
x*- 6xy+ y2- 10x— 10y - 19= ¢
are (-4, -4), (-1, -1), x+ y+ 7= 0, x+ Y+ 3= 0reg
10. (a) Show that the equation
16x" - 24xy + 9y* - 104x — 172y + 44 = ¢
represents a parabola with the points (- 5/ 3 and (1, 2) as

and focus respectively. Show also that the latus rectum of the
is 8 units, the axis is 4x - 3y+ 2= 0 and the directrix is
- 3x+ 4y+ 9=0.

(b) Show that the directrix of the parabola

L. H 19g, .-
Conj 4
C

PeCtive]y‘

pa rab()la

<+ 2xy + y* - 4x + By- 6=10is 3x- 3y+ 8= 0.
11. (a) Show that the equation

7x*— 2xy+ 7y*+ 22x— 10y + 7= 0 represents an ellipse whoge
centreis (- 3/ J);axesarex+ y+ 1= 0, x— y+ 2= 0, directrices are
x+y—-3=0, x+y+ 5= 0 and foci are (-1, 1), (-2, 0).
(b) Reduce the equation 3(x2 + yz) + 2xy = 42 (x+y) toits
canonical form. Name the conic and determine the equations of its axes.
[ C. H.1999; B. H. 2002 ]
12. (a) Show that the product of the semi-axes of the conic
x*— xy+ 2y*- 2x— 6y+ 7= 0is 2/+/7. [ C. H. 1988 ]
(b) Show that the equation of the axes of the conic
() ax’+ 2hxy+ by*= 1is xy(a— b)= h(x>- y?);
() x*- xy-2y*- 2x— 6y+ 7= 0is
x%— 2xy - y’+8y—-8=0.
13. Show that the equation
(@’+ 1) x*+ 2(a+ b)xy+ b3+ )y’=c (c> 0),

JIC

represents an ellipse of area P [T.H.1992]
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how that the centre of the conic
Gho
axt 4 8xy =3yt —4x+2y+c=0,
= 1 : 1 3
Jich passes through the points (0,0) and (1, 0), is at (ﬁ ' 7) -
\ Show that the curve
y- 2y?+3x—12y -7 =0 has asingle centre ;

'(ﬂ 3¢’ —4x

i 4xz_4xy+y2——6x+8y+13=0 has no centre ;

i 4x* —4%Y +y?* —12x +6y =11 has infinitely many centres.
Determine the value of a so that the equation
y2+3x+6y~4=0 may represent (i) a parabola,

onic having no centre.

~(b) Find k so that the equation kx“ + 4xy+y2 —6x-2y+2=0
ay represent a point ellipse. [ N. B. H. 2007 ]
(c) Find the valuesof a and f such that the equation
ax? —20xy +25y% - 14x+2fy-15=0"

represents (i) a conic without any centre,
(i7) a conic having infinitely many centres.
Find the equation of the conic which passes through the

gnac

18. (a)

oint (<1,-1) and also through the intersection of the conic
12+2xy+5y2+x+16y+8=0 with the straight lines 2x-y-3=0 and
3r+y-3=0. ‘

e conic which passes through the’

(b) Find the equation of th
ection of the two conics

point (1, 1) and also through the inters
2P -2xy +y? ;6x—4y+3 —0 and 3x* +10xy + 3y? -14x-2y-13= 4
(¢) Find the equation of the parabola which passes through the
intersection of the two conics x°+6xy _y?+2x-3y-5=0 and
2~ 8xy + 3y + 2y—1=0.
19. Find the equation of the conic passin
(10), (©, -2), 2, -1) and (1, —3).

(1 2_03 (@) Find the equation of th
ety ) and which passes through t
'S.at the origin.

g through the points (0, 0),

its centre at

e conic which has
s the

he point 0, -2) and touche

e s e .




N

e

(I Find the equation and the nature of (he conic « o
( (-2, 0), touches the y-axis at the ortgi Meh ;. >
through the poin oy
centre at the point (1, 1), 9,
Find the equation of the tangent to the conic

Ix? 4 3xy -2y’ - 7x+y+3 =0
ndicular to the straightline 2x 4+ 3y 4 5 _ 0

009 ADVANCISD ANALYTICAL QEOMITRY GF Twp DIy

21.

which is perpe
22. (a) If the tangentatany point on the conic

(x = y)* = 2k(x+y)+ k> =0, (k +0)
makes intercepts a, b on the co-ordinate axes, then show that 4. ‘h
(b) Find llu condition that the straight ]me Ix + my =

the conic ax? + 2hxy + by* + 2gx + 2fy+c=

23. Determine the points on the conic x? + xy+y? =3 at which
tangents are parallel to the co-ordinate axes. "?

L IOU(_}\F"_

24. Find the equation of the normal of the conic
2x% + y? + x +y =5 atthe point (1, 1).

25. Show that the equation of the dxrector c1rcle of the conic
11x* + 24xy + 4y* ~2x+16y+11=0 is x2 +y? 4 2x - 2y—-1=9

26 (a) Prove that the locus of the poles of tangents to the conjc
ax’ + 2hxy + by’ =1 with respect to the conic a'x? +2H'xy + by =1
the conic

a(h'x +b'y)* —2h(a'x + hy)(W'x+b'y)+b(a'x+h'y)? =ab-h?.

(b) If the chord of contact of tangents from a point to the conic
ax® + 2hxy + by* =1 subtends a right angle at the centre, then prove that
the locus of the point is given by

(@ +h*)x* +2(a+byhxy + (b* +h?)y? =a+b. [N.B.H.1%I]

(c) Show that the equation of the polar of the origin with respect
to the conic [ X 4 ¥ _ .. =0 i
(a4 1)(b4d 1|+Axy=0is

c

x(:l;-l'-:l—)-if-y(l.;.}l_)_z.__o. [K,H.2005]

[4
(d) Find the condition that the two straight lines Ix +my =1 and
px+qy =1 will be Conjugate with respect to the conic 0l
ax® + 2hxy +by? =1, [C.H. 201
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|‘ £( "f"""' '.' "“' “l"’ll()'] COnsce !
' ‘ ' ""a " 4 o s
. £ = Raglad

7

”‘~. l',r" fh
2
Gy = 1 and 2~ 2 4
: ﬁvv M l),‘/ - 1

A 74 42yt
’ 1"1“~
x(x+ 3y)= 0.
o two straight line '
A s given by
3 v the r'rir;q!
), - 1N

¢
Ghow that th

2 ~ H .

- 0 may be conjugate diameters of the coni

< aonic

(f 1;1/‘ By
J4A] 1, if aB + bA = 2hH .

2!"

,‘“_‘ 2}1\1/* - .

) that the (.?(unalmn to the equi-conjugate diameters of
(r‘lic ax 24 2hxy * by
2 (a+h)(nx2+ 2’11‘_1/-1'-byz)=2(a[]_hz)(x2+y2).

_ tion of the hyperbola wh
Flnd the equa o yp ose asymptotes are the
~1=0 and y—x+2 =0 and whicg\, pgsses thrrgxl;;H

8. lines XV
). Prove that the eccentricity of this hyperbola is J2

= 11is

At Pl
the po” p. 1 . 1 N 1
29. (@) Sho xty-a x-—y+a —x+y+a = 0 represents
Jrabola whose focus is (%, %) ‘and directrixis x+y =0. _
ap : = 7
& The axes being rectangular, prove that the locus of the focus

x Y > 4axy . |
="y and b being variables such that

o the parabol? (77" a
[V.H.1999;N.B.H.1999]

2 jsthecurve, (x? +y2)2 =c’xy.

gh=¢€ + '
30. Find the focus, axis and directrix of the parabola Jx +‘ﬁ = Ja.
31. Show that the curve,given by the equations b )

y=at?+bt+C, y= a't>’ +b't +c' (tbeinga parémeter Y,
, ' ) (ab’—a'b)z'
isa parabola,whose latus rectum 15 @ra®) 3

32. Show that the conic | .
ax? + 2hxy + by’ +2gxsin® 0+ 2fycos’@+c=0,
ough two fixed points..

always passes thr
nd P, Q be two points on a conic such that the
that the locus of the

angle PSQ is constant and equal to &, then prove
intersection of the tangents at Pand Qisa conic whose focus is S.

éllisi; @Ifa, B, y, 6 be the eccentric angles of four points on an
pse such that the normals at them arc concurrent, then show that

a+ B+ y+ 6= an odd multi

where @ is a parameter,
33. If S be the focus a

ple of 7.
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Ex

8 |

) If e, B, vy, d be the ccecentric ang|
which a circle cuts Mipse 'n s o Of the
an ellipse, then show that Hlg fou,
a+ B+ y+ d= an cven Multiple f
[ Let the equation of the ellipse be § = 2, 2 "

equation of the chords Joining the points « -~ 1 _
> . B and 5. oy Oty
all g, 4, |

a‘nd ‘1‘-‘ ‘- 0 respectively. Then choose such that ,
represents a circle through the four points « the €quatig, IR
of ay will be zero. | ' Boy, - For thignH ) ;"Pl"'
S, | e Vol

((.)nl( LI

35. l'f thc_ major axes of two conics be pa
four points in which they meet are con‘-cylz“rca.“el, the
36. (a) Prove that all conics through the points of ;
two rectangular hyperbolas are also rectangular hS of interg,
(b) Show that two parabolas can be drawn {Eerbolas.
points of intersection of two conics. fough fo,
-_;51_'1{ the two conics be 5,=0 and S,=0, then the equatio
passing through the intersection of these two CONics is S + A N of 3 Conje
re_pr_e_fénfs a parabola, then the terms of second degree nlwst foz. Ol
square, that is, (h; + M) 2 (a, + M) (b, + Ab,) . This, being a gzaz Perfeg
A, gives two values of A. ] , fatic n

" Prove thay

Ctio .

Answers
o , . X¥ Y2 X2 2
1% (2 Y= 2V5 X. — + — = 1. 17 - .!:_
() (’I) 8 & 7/ vueat (”i) 8 4 - ].
. X 2 Y 2 oo i - ) \
(iv) - -5 = 1. (v) 2X=3V2, 2X= V2. (vi) Y%= 6X.
€2 )
. 2 Y2 i YZ XZ/
2.(4) (i) Parabola. (i) Ellipse. () 22_L-=1 or Tl
| - . 7., 3 703
'3. Pair of parallel straight lines fora< 1 ; |

Pair of coincident straight lines for -1.
If a> 1, then the straight lines bggne imaginary.

7. (1) Ellipse; (3, 2); 713-—; V6, 2. (i) Hyperbola ; (-2, 2); \f'g Vi

(ii}) Hyperbola ; (-4, 0); VR ; 1viz, 1v8.
() Ellipse, (-1,1);V3 ;2, 1.
11 (b) 2X?+Y? =2; Ellipse; x-y=0, x+y=+2.
17. (@) () a="1- (@) a= 1. (b)) k=5.(c) () a= 4, fu 2. (i) a= ¥ =

=
-
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225

2
x4 55y + 1397+ Vx4 M8y 4 233,

8‘_2, Roxy = 5_'/2" Ox - A0y 4+ 117 - 0
(h 4\744.\}/4}/:44'\' -4y ~-11=0 or 5%

M 2y + 2y2—- Ix+ 4y = 0,

1”)‘]/ ¢ r”l) L 7] 7 0

px 2+ Axy + yi4 2ym= 0.
£ 2- 4xy+ 2y 2+ 2x= 0 ; Hyperbola.
ax- 2y= 1.
12 (be - A+ m2(ca- g3+ n2(ab-h?+ 2mn (gh - af)
| + 2nl (hf - bg)+ 2Im (fg- ch)= 0.
1, - 2) (-1, 2), (2 -1),(-21).
3x— 5y+ 2=0. 26. (d) amq—h(pnz+ql)+bp1=ab—hz.

2

30.
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@] TANGENTS AND N o%

5.1. Tangents.

Let two points P and Q be taken on any curve ar}d let the Poi,
0 move along the curve nearer and nearer to the point P ; thep, the
limiting position of the straight line PQ , when (2 moves up t, an,
ultimately coincides with P, is called the tq;*zgent to.thef curve at y,
point P. More precisely, the tangent to a conic at a p.omt is th_e limiti,
position of a straight line when the two points of intersection of the

line and the conic coincide at the point.

5.2. Equation of the tangent to the circle

X+ y*+ 2gx+ 2fy+ c= 0 at the point ( x,, y,).
Let P(x,;; y,) be a point on the circle
<+ + ng+ 2fy+ c= 0. cee ()
Let () be another point ( x,, Y, ) on the circle very near to P.

The equatian of the straight line PQ is
Y2~ Y =

.y_ylzﬁ(x— xl). . e (2)
Since both P and Q lie on the circle, we have
x4y 2+ 2gx, + 2y +c=0, NG
%0y, 4 28%,4 Ay, + c= 0, ce (@
T

Fig. 20
Subtracting (3) from (4), we get
2 2
T XAy, oy 2
o (xz 2 Y g(xz- x1)+2f(yz-y1)=0

TE) (gt x4 204 (%= ¥) (g, + y, + 2f) = 0. -



#a

X 0'/.'.'
AR

rhet fore  x; 7 y,+ ¥t 2f
1»«““'“""‘ (his in (2) the I'([Hdli(jl\ becomes
Gulb™ X, + X 4 2,:,: ( )
- - = - x - X))
y - Y Y, 4 Yyt 2 i i
e the cquali(m of the chord PQ s
(v- y )t ¥t of )+ (x= %) (x* %t 20)= 0. (5)
/\q Q appr()aCI\CS aﬂd COiﬂCidCS With [), the Chord [)Q [)(,'C()m(.'(; th(.
ange™ at I" -
Suquuting x, for X and y, for ¥, in (5), we get the equation of
. [}
the rangent at (%1 Y1 ) as
(¥~ yl)(zyl.“’ 2f)+ (x - x1)(2x1+ 23)'—': 0
or, x(%7 g)* y(y1+f)= %+ y o+ 8x1+-f31.
Adding (8% + fy,+c) O both sides and using (3), W€ get the
equation of the tangent as
xxy + yyi t glx+ x1)+f(y+ yl)‘+ c=0.
Second method.
h the point (¥;/ y,) making an

line throug

‘the straight
f x-axis i

ve direction O

" ¥

The eguations of
n the distance forrn are

angle 8 with the positi

x- % y-Y%_ .,
. "cos sin 0 ’
wt!ere + denotes the distance of any point (x, y) on the Straight“line from the
point (%, Y1) - ' ‘
Putting cos 0 = | and sin 8= 7/ we rewrite the equations in the form
x-x YY1 _ ., |
5 Y o
where 12+ mzv- c052‘9‘+ sinzO- 1.
If this straight Jine. meets the circle
x2+Jy2+ng+2fy,+C"0 AU ()
¢ the meeting point are

the co-ordinates O

at a dj
a distance 7 from (x;, Y1) 2
the equation ( )-

(¥, + Ir
1+ Ir, y + mr) which must satisfy



E ETRY OF TWO D Mo
84 ADVANCED ANALYTICAL GEOM [%
Therefore

(x, + )+ (y, + mr)t+ 2g(x + )+ 2f(y,+ mr) +c= 0

2 2
r 2 2l (x+ )+ m(y+ N + (x; “+ y; "+ 28x+ 2fy1+ ) = 0, -

or,
2 2
since [+ m=1.

This is a quadraticinr having tworoots r, and r,, which give the dir@Cted
distances of the points of intersection from (x;, y, ). If the straight lip, 0
touches the circle (2) at ( x; , y, ), then each of the two roots of the equation(a)

will be zero. Hence, for tangency,
ri+ r,=0and r r,= 0.
Thercfore I(x;+ g)+ m(y, + f)=10 -
and x12+y12+ 2ex; + 2fy;+ c= 0. S

I:liminating I and m from (1) and (4), we get the equation gf the tangep
as

(x=x)(x+ 8)==(y-y)(y; + f)
or, xx,+'yyl+gx+fy-(x12+y,2+gx1+f_yl)-0‘
or, X+ yy+ g(x+x)+ f(y+y,)+c=0, by (5).

Cor. The equation of the-tangent to the circle x>+ y*= a* at the

point (x,, y,) is thus xx, + yy, = a’.

53. Equation of the tangent to the parabolayz= 4ax at
the point (x,, y,). '

Let P(x,, y,) and Q(x,, y,) be two very close points on the

parabola ¥’ = 4dax . e wxer 1o 1)
The equation of the straight line PQ is
PR/ T [ . _ ..
¥:nE = ). ..

The points P(x,, y, ) and Q(x,, y,) lie on the parabola.
Hence y, = 4ax, and Y, = 4dax,.
Therefore y,% - y, 2= 4a( Xy~ X, )

or. %27V 4a

2= X Y+ y,
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ating in (2), th

Suhﬁ‘“
4a
——— (x- x,) -

y— Y~
y, v Yy

¢ cquation of the chord I’ becorn
/ ¢S

Fig. 21

s and coincidés with P, the chord PQ becomes the

As Q\aPPmaChe-
tangent at P.

Subs tituting x;

the equation of the tangent

pecomes - X
co y— Y 2y, x— %)
or, (y- )yi= 2805 )
or, yy, — 2ax= Y1 2. 2ax, -
Adding (- 2ax, ) to pboth sides, we.get
Lyyp- 2a(xF x )=y~ %= 0, by 3) -.
Therefore the equation of the tangent at P(x,, Y1) 18
yy1=2a(x+'x,). |
Cor. The tangent at (0, 0) o the parabola ¥* = 44% is x= 0, thatis,
rperrdicular to the axis of the parabola.
2 _ gax at the point

the tangent at the vertex is pe
The equation of the tangent

(at?, 2at) is
x— ty+ at!= 0.

o the parabola ¥

the second

Note. The equation of the tangent ma

method of Art. 5.2.
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1

: nt to the ellipse 4 + L
5.4. Equation of the tange pes — 2 2= 1y "

point (x,, ¥) -

Let P(x,, y,) and Q(x,, y,) be two very close points on th,
2 S 2

ellipse *":;2+.}l7%= L. SH
The equation of the straight line PQ is
2" ¥ )
.'/‘}/1=xz_xI (x- x). (2‘_

The points P(x,, y,") and Q (x,, y,) lie on the ellipse.

T Q
P
Fig. 22
2 2
Hence .%-f- y—lz'—=
a b h
2 2
3
and x% + y%— =1. §
a
— oy 2 -y 2 i
Subt-icting, 2 5 = -t 0
a b?
or, u=_b:(x2+xl). :
BT a(y,+ y,) _ ,
Substituti is i . o
becommas uting this in (2), the €quation of the chord PQ of the elllpSfEE‘
O(x,+ x,) |
Y=Y == 2 ! - ' ;
az(y2+y1)(x xl)' . (4)}

: the chord PQ becomes 'he%

of the tangent ot p becomes 2 and y, for Y, in (4), the equati0ﬂ§

|
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.\',\'l VV | L 2 v, 2 .

= ¥ =5 g s o 2
7 1)- ”A,. t h',’. - l, I)y (3).

()rl ll
'I’lltfl""f()"(" the gzquuhon-of the tangent at P
mit i . )
x ’ (xy, y,)is
o, YT
a’ b = 1.

The tangents : 2 o i

Ihe tangents at the extremities of the major axi

0) are x = da and x = ) .r axis, that is, at
— a respectively. d

Cor.

a0, 0) and (-4

(

The cquati(m of the tangent to the ellipse ff g ,'lf ;
' PR A I at the point
b sin0) is X080, ysnd,_ ‘
a b :

L}

((l cOS 0 ’

Note: The equation of the tangent may also be obtained by the second

mclhod of Arl. 5.2.
of the tangent to the hyperbola

5.5. Equation
z - .E;: 1 at the poirit (xi » Y1) -
a
Proceeding exactly in the same ‘way as in the case of ellipse,
we get the cquation of the tangent to the lhyperbola at the point
‘ xx, YY
(x,, Y1) @ = A ot

2 2
¢ tangent to the hyperbola —x—z-—‘l% = 1 at the
a

point (¢ scc ¢, U tan $) is 5——5—2—‘:—? - H—E%E-E= .

n of the tangent to the ¢

y,) is xx, = Y91 = o

c at the point (x;, y,) is
(xy, + xy)  for 2xy,

t term as it is.

The cquation of th

Cbr.ITt\c cquatio quilateral hyperbola.
& at the point (x;, 3
n of the tangent to any coni
2 2
xx, for-x", YY for v,
and retaining the constan

Aoyt =
Note. The equatio

obtained by putling

(x+ x,) for 2x, (y+ y,) for 2y

y of a straight line to 2 circle.

> N ¢))
(2)

5.6. Condition of tangenc
Let the equation of the circle be X+ yz__= a

and,that of the straight linc be y= mx% C.
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NSI()M
The co-ordinates of the points of intersection of the circle ang i
line are obtained by solving the two equations. o
Eliminating y between the two equations, we get
4 (mx+ ¢)= a*
or, 1+ m’)x*+ 2mcx+ (* = a*) = 0.
This quadratic in x gives two roots which are the abscissae Of th,
two” points of intersection. If the line bé a tangent to the circle, the

it cuts the circle at two coincident poings and the above e
give two equal roots. The condition for that is

(2me)’ - 4(1 + m*) (P - a®) = 0
or, ¢=da(1+ m?)

: N o |
or, c=z=aVl+ m".

This is the required condition of tangency.

quation Sh()uld

T'hus‘ there are two tangents to a circle parallel to a givendire
Second mlhod.

Let the straight line y= mx+ ¢

ction,

louch the circle  x* + _y2- «

at the point (x,, i)
The cequation of the tangent at the point (x,, y,) to the circle () is
Xxl + _l/yI = Hz.

I'herefore the equations (1)‘and (3) are identical, that is, the coe
similar lerms are proporlional.

()

(ficients of

: 2 2 2

X s a d . am a
Hence + = —— = - = Biving x; = - — and y, = — |

7] -1 ¢ ‘ ¢ £ c
Since (x,, y,) lies on the circle (2), therefore

2 2 2

J.l + y,l = ¢

a m ll4

2 S
or, 2 + -c—,_- a, whence cm 2 oVi14 7

This is the rchil‘Ud condition of langency and the point of contact is

/
2
( aom ﬂz) ‘
- —, —| .
C C

dition may also be oblained
IS equal 10 the

Note. T'his condi
radius of the circle

by using the propertycthal the
tangent line,

distance of the centre of the-circle from the
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(634)

—

5.7
The

b4 ~ ’ H RV .
pmnls of intersection of the straight line
D .

y= mx+ c

2
with the pambnla vyl = dax

-~ ubtaincd

(%

by solving these two equations

liminating ¥ from (1) and (2), we get
(mx + c)’ = 4ax

2.2.
or, mixt 4 (2mc— 4a)x + 2=0.

The roots of (3) are

ondition of tangenc
¢ gency of a straight line to a |
= parabola.

(1)
(2)

(3)

the abscissae of the two points of intersection.

If the line (1) touches the parabola (2), then the two points of in-

tcrsedion will be

The condition’ for equal roots is
(2mc — 4a ) = 4m*

or,. 7'16@2 — 16amc= 0

or, c= a/m.

‘Thus, for any value of m =0, the straight'lih:e

y=mx+ a/m
touches the parabola y’ = 4dax. -
The point of contact can easily
Note. [his condition may also be

of Arl. 5.6.

5.8. Condition of tangency of a straight 1
The points of intcrscction_of the Straight‘l‘rnc
y= mx+ c

2

2
with the ellipse L=l
e )

are obtained by solving these two cquations.

coincident, that is, the roots of (3) are equal.

be seen to be at (
: m

obtained by tixc

ine to an ellipse.

~second method

(1
2
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. b
Eliminating y between these two equations, we got
< ~ i 2
xt (mx+ c) 1
.——-+ =
2 [2
a )
2 2 272
or Vrxl+ a(mx+ c) = a’b
’
g 2y 2 2 . 2, 2 )
or, (a°m*+ b°)x" + 2a" mex + a’(c - b*)= 0,

The roots of this equation are the abscissa of the two POints
. C) . (
intersection. If the line bera tangent, then the two points are COinCier:
and hence the roots of this quadratic will be equal. The condition ¢,
= r
cqual roots is
4m2C2‘l4 _ 4 (asz + bZ ) ( uZCZ _ 'uzb?. ) = 0

2 202 3 3.9 22,2 22 4
or, amc - (am’c" - amb + bc*- b*)=0

2a_ 9 2 2
or, c’=ua"m "+ b".

Therefore  c= = V g%y + b2

Thus the lines y = mx+ V2,7 ¢ ) are tangents. to the ellipse for
any-valuc of m. Hence there are two tangents to an cllipse parallel t
any given direction (that is, for same value of m).

The point of contact of this tangent can casily be verified. to be

2 2
[ =—am b
3 ’ 3 .
Valm* + 02 Vidm® + 1P

Note. This resull may also be obtained by the second method of Art. 5.6.

5.9. Condition of tangency of a straight line to a hyperbola.

Proceeding exactly in the same way as in the case of cllipse, we

sce that the condition of tangency of the straight linc y=mx+ ¢ to
2 N

the hyperbola § - %5: 1is

cC= = \/azmz_ bz S
5.10. Two theorems.

a) Two tungents o » dr . . .
(«) 8 o be drawn from . pomt to a parabola; If these two

tungents be perpendicdoar ¢ e

: : / ooncanother, the locys A : - £

i . . us of the fron
1s the directrix, ’ cus of their point of intersecti
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TANG
—

The straight line y = mx + a/m always touches the parat
- . ) . - - ara -
, gax. 16 OIS line passes through a given point («, ) Vf,( ! ol
= ’ ’ P Nave
y = ma+ a/m |

moo— mp+ a=0,

or,
ich, being a quadrahc in m, has two roots m, and m, (say). Hence

wh
s can be drawn from a point (a, B-) to the parabola.

The equatio
= mx+ a/m,

ns of the tangents are thus

and y= m,x+ a/m,, where mm, = a/a.

Yy
[f these two tangents be perpendicular to one another, then we have
mm, =-— 1
a/o.= -1, whence a+ a= 0.

~ or, _ ,
Hence the locus of (o, B)is the straight line x+ a= 0, which is

the directrix of the given parabold.
() Two tangents can be drawn from a point to a central conic. If these
two tangents be perpendicular to one another, then the locus of their point

of intersection 1s a_circle.
| . . m?. 1
The straight line y = mx+ —ry
_ 1. If this line passes through a’given point (a, B,

1 /mz' 1
= moa+ ‘d*b

or, mz-(—l-— a2)+ A’Z;rncntﬁ+(-11;.-'-1 [32)"= 0.

always touches the central

. 2., 2
conic ax*+ by
then we have

a
which, being a quadratic in m, has two. roots my and m, (say). Hence
two tangents can be drawn from a point ¢, B) tg the central conic.

The equations of the tangents are

i * ml 1 . mz 1_9
y=mx+ v . +-5 and y= myx+ V . +-B-,
(1 fr1 |

If these two tangents be perpendicul
have®  ° .

ar to one another, then we

: 1
m, myu= - 1, giving —ll’-— p:= - (;— az).
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4 \,‘IQ

\N&
1

+ —, which ;e
a ‘b’ hiis A Cir.
l‘L]Q

1 1
Therefore o+ B*= Rl

_ . 2
Hence the locus of (a, B) is 2*+ y’=
‘This is called the director circle of the central conic.

Cor. The director circle of the ellipse x*/a’+ yb 1.
+ y'=a’+ b. The director circle of the hypery, §
/d - /=1 0s P+ y'= @’ - b’ Inthis case, if a’< 2 the Cio‘l‘
does not exist and if a°= b? that is, if the hyperbola be eqllilaterr:;

the circle becomes a point circle.

X

(3] (%)

5.11. Length of a tangent to a circle.
Let P (x,, y,) be a point outside the circle x* + y2 = a’, whose centy,

is at C(0, 0) .

Let PT be a tangent and CT be the radius a of the circle. Then, j,
the right-angled triangle CPT, the angle PTC is a right angle.

p T

C

Fig. 23

Hence PT*= pPC:- TC? = x 2+ y, 2= 2

a.

Thus the length of the tangent is

If the equation of the cj
o.rdinates of the centre C are ( o f)2§: +. ify + c‘.=. 0, the co-
circle is VT f T - ’ d the radius CT of the

- C .

The relation pT2 - pC* - (e gives

N {‘-'/_1".(“.”}2— (gz-;.f_ c).
284 2fy 4 g1

Thcréfore PT= (y 2, y
1 1

.
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SL’CO"d Method.

) xX-x -
, straight line 1 o o
(f the |24 ] ol 4 be the tangent to Ahe

2 2 ' |
4+ y + 28x+ 2fy+ c= 0 through the point (x, y) (not

circle .
the circle), then the two roots r; and r, of the quadratic

2y 2 {l + ) mly + f)re (i y P4 282+ 2y + )= O

. . (cf. Second method, Art. 5.2)
obey the relation| r; || 7, | = T% where Trepresents the length of the tangent
from the point (2, y;) to the circle. .

Since 7172 = X vyt 2%+ 2y + g
therefore T = x "+ yy f+ 2gx+ 2y + c
Note. In both the cases we notice that the square of the length of

the tangent drawn from a point to a circle is obtained by replacing x; ¥ by
the.co-ordinates of the point under consideration, provided the coefficients of

+ and yz in the equatioh of the circle are each unity.

T

the pair of tangents from an ex:
to the circle ¥* + y*= a’.

ternal point (x;,-¥1)
Let (h, k) be any pointon either of the tangents fromthe point
2

(x,, y,) to the circle S+ yt=al |
Now, the léngth of the perpendiculair from the centre to the tangent
is equal to the radius of the circle. Here the length of the perpendiculaft
from the origin to the line joining (h, k) and (x,, y,) must be equal
to a, the radius of the circle. The equation of the straight line passing
through (4, k) and (x, y,) is

| = k=Y
y H h - X
y(h- x) - k- y,) + kx, - hy;= 0.

5.12. Equaﬁon of

(x - x,)

(1)

or,
Hence the length of the perpendicular from the origin to (1)
: | kx, — hy, _
1S ' ' z .
V- %) + (k= Y1)

or,  (kx, — hy,} = a {(h- x )+ (k= y)' )

Hence the locus of (k, k) is
- )P+ - W

of tangents.

(xy - xy )= @t

which is the required pair
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4AN>y ()”!
\ 8

\

This may be simplified as
My, - a)+ yix - a) - a4 y)
= Zxy,xy - 20%x - 24,y
or, (+ y'-a)(x +y, P d)
= Xx 0+ yly P+ at+ 2y xy - 2a'x,x - 2dyy
= (xx, + yy, - a)".
Let S= x*+ y* - &, S = x12+ y,z- @ and T= XX+ Yy, - 4
Then the equation of the pair of tangents from the point (x| y)
to the circle is 8§, = T?
Second method.

For the points of intersection of the circle 4 y’ = a’ and the straight lin,
| *ThH YT U
l m

' 2 2
=7, '+ m =1

through the " point (x,, y, ), we have
(x4 7r)2+ (v, + mr ) = a*
or, P+ 2r(lx + my;) + (x S Y e uz) =0.
If the straight line be a tangent fron the point (x;., ;) to the circle, then

the two points of intersection will coincide and hence the roots of this quadratic
equation in r must be eqyal. FAGTTR S  aie: B B i

" Therefore (I + my)) = x, 2+ y, 2= d°.

Elirr{inating I, m from the equation of the straight line and the last equation,
we have '

{x(x-x)+ y(y- yl)}z = (’-’12‘* .1/12' “2){(7‘"_";).24‘ (y- yl)l}
or, (xx+yy-aV=(F+y-d)(x% 37~ B,

This, being satisfied b).( any poin/t/on the tangent drawn through the point
(x;, y,), gives the equation of the’pair.of tangents from the point ( X, Y
to the circle. ' '

.Co'r. Proceeding in the same way, we obtain the equation of the
pair of tangents from: ( x,+ Y,) to the circle '

2+ y2+‘23x+ 2fy+ c= 0 as 55] = _Tz,
where Sm P+ y?y 20x + 2fy+ g
S‘.- 1 4 Y 4 2¢S’X1+ 6y + c

and Twm XXy + yy, + gx+ x;) + f(y+ yl)"' c.

Lo
»
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5.13. Equation of the pair of tangents from an external point
(x,, ¥ to the parabola y’ - 4ax.

For the points of intersection of the parabola y’ = dux and the
straight line

= =r, PP+ m=1

through the point ( x,, y,), we have
(y, + mr)? = da( x, + Ir)
or, m*r? — 2r (2al - my,) + (y,z— 4ax,) = 0.
If the straight line be a tangent from (x,, y,) to the parabola, then

‘ . - .
the two points of intersection will coincide and hence the roots of this
qbg\dratic equation in r must be equal.

;Ihcrefore ( 2al - myl)2 = m*( Y, 2~ dax,)
| or, al® - Imy, + mle = 0.
Eliminating I, m from the equations of the straight line and the last
equation, we have |
a( x - :‘1)2- (x-x)(y- ydy + (y- yl)le =0
or, (y*- 4ax)(y, - dax) = {yy; — 2a(x+ x)}°

This, being satisfied by any point on the tangent drawn through the
point (x,; y;), gives the equation of the pair of tangents from the

point ( x, , y,) to the parabola.

Thus the equation of the pair of tangents from the point (x,, y,)
to the parabolais SS, = T?,

where S= y*- dax, S;m y, > - dax,

and Tm yy, - 2a(x+ x,).

5.14. Equation of the pair of tangents from an external point

(x:, y,) to the ellipse % + }lé = 1.
The equations of a straight line through the point (x,, y, ) are

x"lxl_ y-Y,

= r, where >+ m?*= 1.
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; T i straight line and the ellipge

For the intersection of this b pse, w, h"lv

fi

2
-
a” b
2
1

2
2 Ix, my x Yy
VE L D i G LY ) ECRTE e I
kb r( a’ y b )+ e ( a’ b )+ (az b? ) 0.

If the straight line touches the ellipse, then the roots of this quagy,,
lc

equation in r will be equal

2 3 2 2 2
by omy ) _ (L, ) (A
SIS at T a b a’ b?
Eliminating /, m from the cquations of the straight line ang "
above equation, we have ¢

.{xl(x—xl)_*, yl(.'/"yn)}

aZ bz

(x - x, ) (y- Y )’ x, Y. .
= e e a2+b2_]Jr

which may be written as SS, = T?,

2

) x2 2 xZ yz |
where Sw 74 3z-1,  S= Jr+ G- 1

and T-itzi-q. y—-'é'_ 1.
a b

Thi:s, being satisf.ied 'by any point on the tangent drawn throughé
the point (x;, y, ), gives the equation of the pair of tangents from the

(o

point (x,, y, ) to the ellipse. ‘ ' o

Cor. Proceeding in the same way, we get the equation of the pair-‘:

of tangents from i 4 ) ) :
g a point (x;, y,) to the hyperbola 33 - y? = las
S5, = T2, et
2 2 7
where Sa T _ Y %’ : .
et S“'“;_Z"yb;"l

and Ta 220 _ Y%

a® b 1.
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8 Chord of contact of tangents.
5.15-

Jyord of contact of tangents from an external point is the straight
ing the points of contact of the pair of tangents from the ex-
o the conic.

']-"t‘ (
-nt‘ it)i'] X
:::m“l pnlnt t

Equation of the chord of contact of tangents from an

516 lpoint (x, ¥1) to the circle ¥+ ¥ = .

xte rna

Let A(x,,¥,) and B(x, ¥,
onts from an external point P(x,,y,) to the circle

5
x2+ yz- az.
The straight line AB is the chord of contact.
Now the equation of the tangent PA at A(x,, y,)is

~

) be the points of contact of the tan-

xx,+ YY,= a.

P (x;, yl)/A (xZ'yZ)

(A *x) g

Fig. 24

Since it passes through the point P(x, ;:y,), we have
5:1~{2+ y, y,= a. _ i o3 (1) '
| Similarly, since the tangent PB at B(x,, y» passes through the point
P (x,, y), we have f
| X3+ Y1z = a’. ... (2)
The relations (1) and (2) show thaf both (x,, ¥,) and (x;, y,)satisfy
the equation '
;xl t yy, = “‘3
.which represents a straight line.
This is, therefore, the equation of the chord of contact.

AAG-7
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Cor. The vqn,ltinn of the chord of contact of hm;;,.m” f""n ‘
: . 2 24 20x 2[ + c= () ig
‘ vocircle a4 + 2gx + 2fy - g
(x,, v,) to the circle y Q

xx, + yy + glx+ x)+ fly+ y)+ c= 0.
5.17. Equation of the chord of cl;mlta(;2 Of;::gentg f'“m‘
external point (x,, y,) to the parabola " - .

Let A(x,, y,) and B(x,, y,) be the points of contact of the |
gents from an external point P(x;, y,) to the parabola y?

= 40’
The straight line AB is the chord of contact.
Now the equation of the tangent PA at Afx,, y,) is
Yy, = 2a(x + x,).
Since it passés through the point P(x,, y,), we have
Yy = 2a(x; + x,). e

Similarly, since the tangent PB at B(x,, y,) passes thro

ugt
the point P(x,, y,), we have

Y13 = 2a(x; + x,).. e (2

The relations’(1) and (2) show that both (x,, y,) and (x5, y)) liegy
the straight line ¥y, = 2a(x+ x,).

This is the equation of the chord of contact AB.

5.18. Equation of the chord of contact of tangents fron

an external point (x,, y,) to the elllpse i + ‘;,Zz = 1.

Let A(x,, y,) and B(x,, y,) be the points of contact of the tan
gents from an external point P(x,,.y,) to the

2
ellipse §+ -‘é'- 1.

Now the €quation of the tanéent PA at A(xz, Y,)

,) is
+ WY
==

a bz =-1.

e gt s . S e AT e e
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p—
gince it passes through the point P(x;, y,), we have
Xy o YiYa
+ = 1. B &
{22 bz ( )
gimilarly, since the tangent PB at B(x,, y,) passes through the
point p, we have
XXy - | ,
=5+ y}}2/3= 1. ... (2)
a
The relations (1) and (2) show that the two points A and B lie on

3 . x5 Y
the straight line i + 7

he equation of the chord of contact AB.

on of the chord of contact of tangents from
. -

This is t
Cor. The equati

a point (%; - y,) to the hypgrbola = _%5 = 1is
=Yg
a’ b? )

519. Illustrative Examples.

Ex 1. Find the angle between the two tangents from an external point (X, Y,)

;4 2
to the circle x* + y'=a .

: P (x, Y1)

Fig. 25

L - ;
Pre et the pair of tangents PA and PB from the external point
12 yl),to the circle xz -;- y2 - az be af an angle 2a.

Then LAPO = £BPO = a.
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rpendicular to the radius of the circle 4 the

Since the tangent is pe "
r!

of contact, therefore
OA

a .
SN OP " Ve Tt 0

the required angle between the pair of tangents is

Hence
a
20, = Zsin'1 —

V x, T Y,

EX. 2. Prove that if the straight Iir;e‘?\.X"' py+ v=10 t?UCheS the par“boh
y2- 4px + 4pq = 0, then k2q+ Av-ph = 0.

Let the straight line Ax+ py+ v=10 o g
touch the parabola yz- 4px+ 4pq= 0 . _ R
at the point (x,, y,). .

The equation of the tangent to the parabola at (x,, y,) is

yy, - 2p(x+ x) + 4pg= 0 .
or, . 2px- yy + 2p(x,- 29)= 0. : R
Therefore the equations (1) and (3) are identical.
. ‘ 2p(x, - '
Hence 2p - — | - M
A B v
a4 . 2
or, x 2q+7\'andyl o |
Now the point (x,, y,) lies on the parabola (2).
P 1 Yi P

Therefore y, s 4px, + 4pg= 0

4 2|,|_2 4pv
or, - 4p(A2q+ A~ ppt)= 0
2
or, Xg+ Av - pp.z- 0, since p= 0,
Ex. 3. Find the equations of the tangents to the conic

2 2
,x+4xy+ 3y_5x._ 6y+3-0

which are parallel to the straight line + 4y = [ B. H. 1983, 19 86

Any straight line parallel to the stréight line x + 4y
X+ 4y4 km

0is
0, where ks 5 constant

Of, x-..(4y+k).
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putting (1) in the equatio

(4y+ k) - dy(4y+ k) + 3y2+ 5(4y+ k)= 6y+ 3~

n of the conic, we gel

3y2+ 2y (2k+ 7)+ (‘k2+ 5k+ 3)= 0.

or,
raight line (1) touches the conic, the roots of the above equation

1f the st
| be equal. .

ofore 4 (2k+ 7) 7= 43 (k*+ 5K+ 3)

K2+ 13k+ 40=0

(k+5)(k+ 8)= 0, whence k= =5, = 8.

wil
The
or,

or,
o the required tangents are

Fenc |
x+ 4y - 5=0 and x+ 4y— 8= 0.

Find the equation to the common tangent of the circle

Ex. 4- _
P4y = 4ax and the parabola Y= 4dax.

Let y= mx+ cbethe common tangent.

Since it touches the parabola, we have
c= a/m. (1)

gince it touches the circle, its distance from the centre (24, 0) is equal

to the radius. In other words, we have

qu+c-::Za

V1 + m2

or, (2am + a/m)’ = 4a%(1 + m?), by (1)
2 _ '
or, 4a’m® + _a_2 + 4a°= 4a’+ 4a°m?
m
a® 1 8
or, — = 0, whence Pl 0, since a= 0 .

m

Hence the equation of the common tangent is x = '% - _:_1- - O

the length of the tangent draum from an_t} point on
to the circle

Ex. 5. Prove that
the circle x*+ yz-l- 2gx + 2fy7 c=0
4yt s 2gx+ 2fy+ = 0 5 (- c)

2 Thze length of- the tangen'.t /from any point (x, ) tot
X+ y'+ 2gx+ 2fy+ = 0 i (¢, 24 y; 2+ 287 + 2fy; + )

1/2 .

he circle

Now the point (x,, y,) lies on the circle

4y + 2gx+ 2fy+ c= 0.

B
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- 2 2 + 2 4+ C= 0.
Therefore we have x; “+ ¥ ¥ 28%1 fy1

Thus x‘2+ y12+ 2gxy + nyl"—c'
) 172
Hence the length of the tangent 1S (-0 "
: ; : ¢ ¢ \
point of intersection of the tangents at the poi

Ex. 6. (a) Find the
( ) ol_a yZ_ 4ax.

(aty %, 2aty) and (at2 2 2aty) to the parab

(b) Show that the locus of the pot

2 2 .
points on the ellipse %+ ‘y‘z' 1, where the difference of thetr eccentric ang,
. ]

nt of intersection of tangents |
Y,

N‘HN o

2
2
1s 2a, 1s + Lz' sec C.
a b

(a) Let (x1, y1) be the point of intersection of the two tange.nts. The eq,
tion of the chord of contact of the tangents from (x1 , ¥1) is

Yy = 2a(x + x1).

. . Lo
Since it passes through the points (at 4 2 2at,) and (at2 ", 2at ), we hy,

2atyy; = 2a(aty 2+ x)
or, Ly = x1 + ab & k... 0
and by = x1 + at, . o .6 (}7
Solving (1) and (2) we have x; = att, and y; = d(t; + t,). |
Hence the point of intersection is {at;; ,. a(t; + b))}

(b) Let (xi, y1) be the point of intersection of the two tangents at the tw
points whose eccentric angles are ¢ and ¢, . ' ‘

Then ¢ - ¢' = 2a.
The equation of the tangent at (x;, y;) to the ellipse . |

2y |
AN | . U

i

. XXq A I'
1S —_— . I
a * b L ce (2);

|

The equation of th " i‘
¢ and ¢’ is e chord of the ellipse (1) joining the two poir’,
= COS Y. 0+ ¢ V) i

‘ 2 +bsmf;zi'cosi;it"GOScx. R

According to t
8 to the problem, the equations (2) and (3) are identical

TR T T

orome
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—
\ x,/a’ y,/b*, o1
Therefore 77 ¢ 4 ¢ 1 . ¢+ ¢ cos a
= cos — sin
a 2 b 2
acos (¢ + ¢) bsin i+ ¢)
X, = ' — and = =
or, 1 Cos o 4 cos o
2 2
Hence b W £ L = sec’a
e = = .
a’ b>  cos’a

2 2
. X y
Thus the locus of (xy, y,) is 5 + = sec’a .
' a

Examples V(A)

1. Find the equation of the tangent
(i) at the point (1, 3) to the parabola y’=9x ;
(if) at the point (1, 4) to the ellipse 3x*+ 7y*= 115.
2. Two circles both touch the axis of y and intersect at the points
(1, 0) and (2, -1). Show that they both touch the line y+2=0.
3. Find the common tangents of the circles
P+ oyt dx+,2y— 4=0and X*+ y' - 4x- 2y +.4=0.
4. Find the equation of the common tangent to the two parabolas
.(f) y*= 32x and x*= 108y. (ii) y°= 4ax and x*= 4by.
.5. Find the equations of the straight lines which touch the parabola
y*= 8x and the hyperbola 32— y*= 3. |
6. Find the equation of the common tangent to the hyperbolas

2y £
;‘5— bz_-—'land'i’—z—' 2=—1.

Also find the length of the common tangent.
7.(@) A tangent to the parabola y? +4bx =0 meets the parabola
y® = 4ax at P and Q. Prove that the locus of the mid-point of PQ is
y*(2a + b) = 4a*x . '
(b) A tangent to the parabola x? =4ay meets the hyperbola
xy=c? in two points P and Q. Prove that the middle point of PQ lies
on a parabola. .- [N. B. H. 2005]
_ 8. Find the cquations of the tangents to the circle
X+ y*+ 8x+ 10y - 4= 0 which are parallel to the straight line
' x+ 2y+ 3=0.
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9. (a) Obtain the equations of the tangents to the Cir.
x* + y* =25 which pass through the point (13, 0). '
(b) Show that the equation of ‘he pair of tangents frop 1
point (-2,1) to the parabola 1 =8x is 2x =2y = xy+9x+2y 44, 0
10. A tangent to the parabola y* = 8x makes an angle of 45° Wiy
the straight line vy = 3x + 5. Find its equation and its point of cony
11. {a) Find the equation of the tangent to the ellip,
v’ [a® 4 _1/?/112 =1 which makes an angle of 60" with the x-axis.
(b) Find the equation of the straight lines which passes t'hl‘Ou;f.
the point (18, 12) and which touches the ellipse x* + 8y2 = 32.
12. Show that the straight line x +y = 2 touches the cirg,
x* 4y’ =2 and x? 4y’ 4+ 3x+ 3y = 8 at the same point.
13. Prove that the straight line Ix + my +n =0 touches
(7)) the circle x2 4 yz = 112, if n® =c:2(l2 +m2);
(i) the parabola y* = 4ax, if In = am®
(iii) the ellipse xz/a2 ‘f'_l/z/bz =1, if n? =a®I* + b’m?; |
(iv) the hyperbola xz/a2 - _1/2/112 =1,if n® = a®1* - b*m?. |

14. (a) Show that the straight line y = x + \/_g— touches the. ellips

]

2+ 3y’ = 1,
(b) 1f any tangent to the cllipse = + .I% = 1 makes intercept|
a |

i
|

of lengths h and k on the axes, then prove that g2/K% + VYA = 1.

(c) Show that the straight line xcos o+ ysina = p toucht
2 2

the hyperbola 57 - -Iy;, =1, if a’cos’a- b'sin*a = Pl

. 1 5. Show that the equation of the circle which touches the co-ordin|
axes in the first quadrant and whose centre lies on the straight line

v omy s e Ois (e m) (P4 ') 4 200+ m) (x4 y)+ n?= 0.

6. d » » y ‘
twizc thr»hIL length of the tangent from (f, ¢) to the circle * + = 6 1
¢ length of the tangent to the circle x* + y2+ B By = 0.

Show that [P+ g U+ 45+ 2= 0.
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7 (a) Prove that the two parabolas y* = 4ax and x? = 4by i IE
= 4by Inters
an Qngle of tan™ 3% at one of their comn . sect at
‘ 2 (3 a’ + Vb—:_) on points.
A

the angle between the tangents to the ellipse S+7 =1

(b) Show that
a-b S
at their point of intersection.

and the circle x? +y2 — ab istan"!
Jab

rcle cuts the parabola y* = 4ax at right angles and passes
e
[ N. B. H. 2003 |

18. A ci
gh the focus. Show that.its centre lies on the curv

throu
yz(a+2x)=a(a+3x)2.
[Let C( a,p) be thf; Ce;\tre of the circle. Then its equation is
=(a—q) +pB<. Let the circle meet the parabola at

(x—-a)2 +(_'/"B).2
p(at?, 2at). Here the tangent to the parabola at P passes through C. Also P

Jies on the circle.] _
19. Two straight lines are at right angles to one an
‘ \ other, one of them
tog.nches' the p'arabola y? = 4a(x +a) and the other touches the parabola
_ 4a'(x +a') - Show that the point of intersection of the straight lines
will lie on the straight line x+a+ a’'=0.
20. Fiznd t}:}e locus of the point of intersection of the tangents of the

ellipse %4-%—2— — 1 at the points 8 and (f_+9).
Prove that the orthocentre of a triangle formed by three
rabola lies on the directrix. -

of the triangle fo

21. (@)

tangents to a pa
rmed by three pointson

ents at these

()  Prove thatthearea

a parabola is twice the area of the triangle formed by the tang
points. ' - " [B.H.1994]
gths of the tangents drawn from a point P to

t of the focal distance of P

22. The product of the len
the parabola y? =4ax is equal to the prodyc
f P is theparabola

and the latus rectum. Prove that the locus ©
g y2 = 4a(x+a)-'

at the Iocﬁs of the point of inter

to an ellipseisa circle. 4
ht lines at right angles

des between two straig
treis a circle.

lgcus of its cen
.t of intersection of a pair of
he directrix.

section of a pair of

23. (@) Show th
perpendicular tangents
(b) An ellipse sli

to each other. Show that the

(c) Show that the Jocus of the poin I
perpendicular tangents to the parabola x* = 4by ist |
3 . . i rents to
(d) Find the locus of the oint of intersection of two tangent
i tact subtends 2 right
hat their chord of €on(® LV.H.19971

the parabola y? = 4ax sucht
angle at the vertex. :
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(¢) Prove that the locus of a point fm‘m which Perpendic,
tangents can be drawn to the circle x” +y” =a’ is the circle
| ¥y’ =2a’. _
24. (a) Two tangents drawn to thy parabola y* = dax meet 4
angle of 45°. Show that the locus of t/éir point of intersection i
| (x+a) =y’ —4ax. [C.H.2002;B. H. 3,
(b) If o be the angle betweernra pair of tangents to the Paraby),
y* = 4ax, then show that the locus of their point of intersection i
| (x+a)’ tan” o = y* —4dax. [ C. H. 201
25. If o be the angle between a pair of tangents to the ellipse
x*/a*+y* /b* =1, thenshow that the locus of their point of intersectiq,
is (x*+y?—a* =b*)’ tan’ o0 = 4(b*x° + a’y® —a?b?).
26. Show that the foot of the perpendicular from a focus to any
tangent to the hyperbola x* /a® - y* /b* =1 lies on the circle
x*+y*=a®. - [B.H.2002;C.H. 2004
27. (a) Tangents are drawn to the parabola y* = 4ax at the points
whose abscissae are in the ratio p : 1. Show that the locus of their point

of intersection is a parabola. ' [ C. H.1998)
(b) Show that the locus of the point of intersection of tangents to

the parabola y* = 4ax at points whose ordinates are in the ratio P g

la

5] N

pZ q2

is y’ =[—2+—2+ ZJax. [ C. H. 1974)]
9 P

28. Find the equation of the chord of contact of the point (6, 5) with

respect to the'ellipse 4x” +9y? = 36. . ;s

J__1

29. Tangents are drawn from any point on the ellipse %4— ==
to the circle x? +y* = r®. Prove that the chords of contact ate tangents
to the ellipse a?x* + b?y? = r*. [ B. H. 1990]

30. (a) Tangents are drawn from the point (x,,7,) to the circle
x* +y® = a®; prove that the area of the triangle formed by them and the

| 2, .2 " 2\3/2
straight line joining their points of contact is A +2y L 3 ) !
Yty
[ In Fig. 25, area of APAB is + AP. APsin 2 = AP? sinaclosa.]
(b) Find the area of the triangle formed by the tangents from the

point (I, k) to the parabola y* = 44y and the chord of contact.
31. An ellipse is rotated throy '

e ca s g gh a right angle in its own plane
about its centre, which is fixed. Prove that the l%cus of the po};t of

intersection of a tangcpt to the ellipse in its original position with the
tangent at the same point of the curve in the new position is :

(x* 4+ y?)(x? + ¥ —q? =b?)=2(a? ~b*)xy. [N. B. H.2000]

|
|
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32. The tangent at any point g on the ellipse f—- +y—2- =1 meets the
3 B -4 e . a..
auxiliary circle at two points which subtend a right angle at the centre.

Show that the eccentricity of the ellipse is given by e2=1+ sin 0.
xcosB: ysinB ) .
[The tangent———+"—="—=1 meets the/circle x*+y* =4’ at two points

which subtend a right angle at the origin. Hence the sgtraight lines represented

,(.rcoso ysin@
+

by v* +yi=a’ - ; ) aq:‘.}_?gmepdicular.]

Answers :
1. () 3x-2y+3=0. (i) 3x+28y-115=0. 3. y=2, 3y =4x-10.
4.°(I) 2x+ 3y+36=0. (i) a"x+b"y +a?*b¥* = 0. g

- a* + b?
5. y=2X+1,y+21‘+1=0. 6_ xiy__:i’a-__bz; ﬁﬁ.
8. x+2y-1=0,x+2y+29=0. - 9. (@) 12y =+5(x-13).

10. 2x+y+1=0, (3,-2); x-2y+8=0, (8, 8).
11. (a)y=J§xi,/3a1+b2_ (b) x-y=6, 35x-73y+246=0.

2 2 )
20. —%+:—2= 23. (d) x+4a=0. 28. 8x+15y=12
F

-

‘ 30. (b) —‘,le(kz--t‘lah)yz square units:

5.20. Normals.

The normal to a curve at a point is the straiﬁht line which passes
through the point and which is perpendicular to the tangent to the curve

at that point.
5.21. Equation of the normal to the circle

+ y2+ 2gx + 2fy+-c=0 at the poinf(x,,y,). _
The normal to the circle at the point (x;, y;) is thestraight line through
the paint perpendicular to the tangent to the circle at the point (x;, y,) .
The tangent at the point (%, y1) to the given circle is
' xx; + yy, + g(x+ )+ f(y+y ) +c=0.
Its slope is (———x1+ g] .
p Wi f Y1 + f.

Then the slope of the normal will be Y

Hence the equation of the normal at the point (x;, y;) is

_ yl"‘f:
Y- X+ 3

(x-x) .
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p—

2 ?
: _ '
any pomt g on the ellipse = 4 '// | meets the

TP a b
. arv circle s ) . p
auxiliary circle at two points which subtend a right un;;lc- at the centres

32. The tangent at

Show that the eccentricity of the ellipseis givenby ¢ * =14 sin” 0.

- X cos () sin ()

[The tangent ———— ¢ ¥ .";'.,‘_
a )

which subtend a right angle at the origin. Hyhce the straight lines represented

I meets thefircle v vy = a’ at two points

N »o A YcosO sin 0’ 1
l’ \. + u- a‘( : L("R— y 0 > T > d ]‘ .
y 4 {-‘:*.:-P,L_R‘"]‘ icular. |
Answers
1. () 3x-2y+3=0. (i) 3x+28y-115=0. 3. y=2, 3y=4x-10

4. (1) 2x+ 3y+36=0. (i) a"x +b|/,\y +a ¥ =0

9 2
_ _ a’+b
5. ¥y=2x+1,y+2x+1=0. 6. xiyr_im;ﬁ

N

8. x+2y-1=0,x+2y+29=0. - 9. (@) 12y =+ 5(x-13).
10. 2x+y+1=0, (3,-2); x-2y+8=0, (8, 8).
11. @y =3 x+3a? +b2. (b) x-y=6, 35x—73y+246 = 0.
2 2
20. x_2+-‘1éz_:2_ 23. (d) x+4a=0. 28. 8x+15y =12
a.
F

30. (b) %(k2 —4ah)¥? square units. -

5.20. Normals.

The normal to a curve at a point is the straight line which passes
through the point and which is perpendicular to the tangent to the curve
at that point.

5.21. Equation of the normal to the circle
“+ y'+ 2gx+ 2fy+ c= 0 at the point (x,, y,).
The normal to the circle at the point (x,, y,) is the straight line through
the paint perpendicular to the tangent to the circle at the point (x,, y,) .
The tangent at the point (x;, y;) to the given circle is
xxp+ Y+ g(x+ x )+ f(y+.y,) + c= 0.
Its slope is (- areg g} _
w+ fl°

Then the slope of the normal will be -y]—+'f :
x1+ &

Hence the equation of the normal at the point (x,, y; ) is

+ f
x,+g(x_x')'

Y-y, =
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Second method.
The tangent lo the circle a the point (x;, y, ) is perpendiculzy y, t
' . . 3 . . - J )
of the circle through (x,;, y; ) . So this radius is the normy) o 4 he tag,
16 Cir 4
¢l

(x,, y). Hence the normal to the circle at (x;, y, ) passes throuph, the . %3
’ G

(-¢,-f) of the circle and the point (21, y1 ). Therefore it equatior, i,','.

"“!f.

y-un= X+ g
Cor. The equation of the normal to the circle »* 4 T
point (x;, y,) is xy; - yx; = 0. at th,

5.22. Equation of the normal to the parabp
y* = dax at the point (x,, y,) . _ ol
The equation of the tangent to the parabola y’ = dax at the poip

(x,, y,) is yy, = 2a(x+ x; ) whose slope is —y— :
1

Then the slope of the normal will be (;2%) .

Hence the equation of the normal at the point (x,, y, ) is
Y-4%=- % x-x).
Cor. 1. The equation of the normal to the parabola y*= 4ax at the
point (at’, 2at) is
y- 2at= -t(x- at’)
or, tx+ y= 2at+ at.

Cor. 2. If m be the slope of the normal at the point (x,, y, ), that

is, if m= - %, then the equation of the normal may be written as
_3/_12' da’m® 2

= am” '’

2 .
Y+ 2am= m(x- am*), since x, = =
- 4a 4a

or, y= mx- 2am- am’.
5.23. Co-normal points of a parabola.
Let (x;, y,) be a given point on the plane of the parabola
2
Y= 4ax.

The equation of the normal at (af?, 2at) to y* = 4ax is

Y+ tx= 2ati+ af (1)
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(it passes through the '
] | J © point ( &, , v; ), then

’/‘ t ,\|" 211’ 4 fl',

a
Or, ”f + ! ( 2’(1 . "l ) . ‘1/| - () . I"?)
\ £

This equation is a cubic in ¢

and hence this gives three values of ¢

. : et " . , . ) . ,
Thus three n rmals can be draion from a ¢iven pomnt to a parabola. In other

words, there i lh"f"' points on the parabola, the normals at whicl: pass
. s 1VC 0 e . ) »
.‘I:H’U.\I‘ the groen pomt. These points are called co-riormial potnts

If the roots of the equation (2) be t,, t,, t,, then the equations of
the three normals are obtained from (1) by putting these values of t.
Again, we scce, from (2), that the sum of the roots is Z0r0,

that is, t,+ L+ b= 0.

The feet of the thrce normals are (at,?, 2at,), (at,>, 2at,),
(aty”, 2ats). The sum of the ordinates of the co-normal points is

2at, + 2at, + 2aty= 2a(t;+ £+ )= 0.

Hence the sum of the ordinates of the feet of the normals passing through
the given point is zcro.

2 2

5.24. Equation of the normal to the ellipse %'+ *;% = 1 at the

-

: oea X o ;
i : > € = = the point
The equation of the tangent to the ellipse St 1 at the p

point (x1, ¥1) -
xx YY1 g

(x,, ;) s 22 b2

: v ] Ux,
The slope of the tangent s [— . .

. ' . be azy, ;
Therefore the slope of the normal_w:ll "ble

Then the equation of the normal at.the point (x1, ¥ ) is

2 5
'y ..

o = ——t X - X ) N
Yy W ,,2;‘.' ( !
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This can be put as

AP Xy e

'xl/a ' yl/ b
2 2
a b
or, —_— X - — e 2_ bZ.
5] A % “

110 ADVANCED ANALYTICAL GEOMETRY OF TWO ”'M"’NSH;;«
{4

— s

2

-

| ] x ¥
Cor. The equation of the normal to the ellipse “5+ 5= T at y,

point (acos 0, bsinQ) is

ax
cos0 sin0

by 2.

| Xy
5.25. Equation of the normal to the hyperbola 75— 75 - 4

at the_ point (x,, vy, ) .

Proceeding exactly in the same way as in the case of ellipse, we

get-the equation of the normal to the hy

2
a’ b
X1 W

(xy, y;) as

The equation of the normal to the hyperbola'

the point (asec ¢, btan¢) is
5.26.

Let us consider the ellipse

sec ¢

2
— 4+
2

y= a’+ b*.

2

1 _1.

b

perbola at’the point

2

2
a

Lz

s B jl at

d '+ _l_lﬂ_;_ a2+ bz.
tan ¢

3

Co-normal points of an ellipse’.

The cquation of the-normal at the point 0 is

ax sec 0— by cosec0= a°- b?.

(1)

If it passes through the point P (x;, y, ), then we have

ax; sec @ - by, cosec0= 4>~ B2,

Putting sin 0 = % and cos 0 =

t

1+ #

1+ #
by ——
AT

G =

or, 2ax,(1+ tz)t— by, (1 + #2 )1 = t2)= 2(a2

This is a biquadratic ¢

values for ¢, that is, for tan 1 g
5 0.

a’ - 2

1- ¢
14+ 2

quation in ¢ and hence

(2)

, we get

» where t = ta
, n 2

- ) (1 _-. £).

this will gjve four

e ————
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Hence there are four value
\,a]uCS of Gin (1), we get the
to the ellipse.

s of 0 satisfying (2). Substituting these
four normals from the point P (x, y,)

Arranging the equation in t, we get

2 2 3
byt + 2@x+ @ = B+ 2ax, - a2+ B2y b by, - 0,

[f the roots of this equation be £, t,, t; and t,, then we have

-2 (ax; + @t - b*)
by,

2t1= .;'Et1t2= O;

—Z(axl“— a2+ bz)

Thtt= by, S bttt = — 1.

In Trigonometry we have the relation

tan .Elﬂ__e_z+%+&‘ = »_Zt1_2t1t2t3
27 2 2 2 1= St t,+ tt, 8¢,

St- Zhtyty
1-1

=

Theref;)re %(91 + 0,+ 8, + 6, ) is an odd multiple of -;- JT.
Hence (6, + 6,+ 6, + 6,) is an odd multiple of .

Thus four normals can be drawn from a peint to an ellipse and the sum
of the eccentric angles of the feet of the four normals is an odd multiple of
Jt .

527. Curve through the co-normal points of an ellipse.

The equation of the normal at the point (x;, y;) to the ellipse

x* 2 2 2. '
Zolay Gl Ll AR
a b X1 Y1

If this normal passes thyough the point (5, k), then we have
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Therefore the fool of the normal lies on the curve

ah bk

2
- = a-b

x y
or, (a’- b*)ay + b’ kx — a’hy = 0.

This is the equation of a curve and the feet of the four NOrma).
from the point (h, k) lie on this curve. S

5.28. Four normals from a point to a hyperbola.

2 2

Let the hyperbola be = - ‘;;/5 = 1.
a

Its normal at a point 0 is

ax. by = .2 b2 A
secO @ tan® @t s == (1)

If it passes y{-/u'ough the point (x;, y; ), then we have

axy . by, 2 2,
~— = g°+ b° .
sec O * tan 0 “

(2)

Let us put t = tan% 8, so that

- 2t
cos 6= dt ="
TR B
Then (2) may be written as
1-# 1-£_ , .,

or, 2, (1- )b+ by, (1- £*)= 2t (@+ B*) (1 + ).

o g"}us being a lfourth degree equation in ¢, we shall have four values
. corresponding to these four values of t. These four values of 0

when substituted in (1) give f | :
C O .
(x;, y;) to the hyperbol)a_g - ur normals drawn from the point

5.29. ' ‘ | |
29. Sub-tangent and sub-normal of a parabola.

Let P be 3 ' ' ‘
the normal ;Gpomt,on the parabola y* = 4ax. Let the tangent PT and
meet the axis at the points T and G respectively.
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Lot PN be the ordinate of P. Then TN, the projection of the t nt
p ction O ¢ tange

o axis of the parabola is called the sub-tangent and NG, th |
, the projec-

On th > X e} 1 -
o of the normal on the axis is called the sub-notmal of th .
e point P.
P
T A \ N G
Fig. 26

, -ordinat ‘P =
ot the co-ordinates of ‘P be (at*®, 2at); then the equation of the

y+ tx= 2at+ at> .

It meets the axis, y = 0, of the \parabola at x= 2a+ at*.
Thus the co-ordinates of G are (2a+ at*, 0).

Therefore the sub-normal is
NG =AG - AN = 2a + at %~ at®= 2a, which is constant.

Again, the tangent at P (at*, 2at) is
ty= x+ at® .

It meets the axis, y = 0, at x= —at®.

Therefdre AT = AN = at’.

Thus the sub-normal is of constant lengt
at the vertex of a parabola. '

% and the sub-tangent is bisected

5.30. Illustrative Examples.
2, 2at 4 ). on the.ﬁt-zrklbola yz = 4dax meets
- 2/t1 . .

f-- 4ax at the point

| Ex. 1. If the normal at the point (at
it again at the point (at®, 2at), then show that t= =1

(athhe equation of the normal to the parabola
1 Zatl )iS y— 2‘”1;‘ _tl(x_ atIZ).

Since it passes through the point (at*, 2at), we have

2at - 2aty = — t; (@ - at?)
AAG-8
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2a(t-t;)="—at (I>= 4 7?)
t+ t,= -2/t;, whence t= - ;- 2/1,.

or,
since f x> 11

or,
or,

Ex. 2. Show that the straight line Ix+ my= n is a normal ¢, the

e E V()
2=],lf 2t 3= 2
b [ m 1

el[,'p(e

Let the given straight line Ix + my =
be a normal to the ellipse at the point (x;, v, ).

The equation of the normal to the ellipse at the point (x1, y;)is

.2 2
a—x—'b—y= a - b

Xy, Y1 e (2

The equations (1) and (2) are identical.

Therefore —'—= —__ 7 5
or, x; = ;—azrl— and y, = - b .
a I (a® - bz) A i m (a* — bz)

Now, (x1, y ) lies on the ellipse.

Therefore + ﬂ =1
bZ
a* n* b2 2
oL 7 2 2,2 ;2 1
I (a )" m"(a® - b*)

2 2 2 24,2
a b (a” - )
OI‘, ——+'_'=_a b .

Ex. 3. Find the condition that the normals at the points ( x;, Y1),

(%2, 2) and (x5, y5) on the ellipse X/a" + y*AF = 1 will be concurrent.

Let the three normals meet at the : "
to the ellipse at (%, y;) is point («a + B-). The €quation of the normal

gi e b b
xy W it 2
Since it passes through the: point (a, p) we f{ave
a 2
— U= — B = -
*1 Y1 ERa-b
or, azyl a - ble B= (a® - 12 ) X1y, :

1)
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similarly, ftor the  points (ay v) and (v,
bl “ .‘
Ay = by B= (0’ - 2 X531/,

2 by 2 2
and AYy = OUx3f = (a” - ) x4 VAR

Eliminating a and f§ from (1), (2)

as
Y b (g ) X1y [ =0
nzyz - bzx2 (a® - b2 ) X5 v,
”Zys ‘bzxa (a® - bz) X3 Y3
or, x1 Y1 x1y | =0
X2 Y2 XxX2Y>
X3 . Ys X3y3

Ex. 4. If the normal to the,hyperbola xy = c* at the point

. e :
curve again at the point (ctz, t_) , then show that ¢ 3 t,+ 1= 0.

2
The tangent to the hyperbola xy= c* 'at'_the point

. - 1
2 (x <4 yctl) = ¢* whose slope is (— —2) .
2| ¢t

1 ty
: 5 g .C .
Therefore the equation of the nermal at the point (cl.‘1 , t—1) is

c 2 :
- - — =} x— cty).
y t 1 ( 1)

If it passes through the point (ct,, c/t,), then we have

c(t;—t,) /s :
or, ct. i, — ¢ )- 0
Lty 1/ (¢ 2
or, >+ e B O,I. since ¢t = t,
t,t,
or

’ t13t2+ 1 - 0.

¥y), we have g

OS5 P ll‘/"ly

(2)

(3)

and (3), we get the required conditlion

(ct, , tﬁ) mcets tlte
1

(ctl, _tc:) is
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Ex. 5. If the normal to an cllipse at the ,min! P n
G and g rcs]rc'(.'tivcly, then prove that PG Pg=SP.S'P, S and ¢ ;
- Iy,

,

axes al .
the foci of the ellipse.

The equation of the normal at the point P(a’cosd, b sing) tc the Q]“p

7 )

Gy . 2 12
XX o1is axseco- by cosec ¢ = a - b”.

a- b
2 2

g 20 cos ¢, O)
a
2 2

-2 sin¢)'

and the minor axis, x= 0, at g '(.O —

It meets the major axis, y= 0, at G(

4 : 4
Therefore PG* .Pg’ = (% cos® ¢ + b*sin® ¢) (nz cos® ¢ + —Z—z sin? ¢J

(8]

b a ) a 4.2 )
= ;i(b cos“ o+ a sm;cp) . —b—2<b cosz¢+ azsmzq))‘

= (a*sin’¢ + b*cos®¢)?
or, PG .Pg= a sin2¢+ b c052¢
a*(1- cos’¢)+ a*(1- €*)cos’
ai(l-_ efcos’¢)
a(l—recoscb). a(l+ ecos¢)= SP.S'P.

I

$ ‘ 2 2
Ex. ‘6. v g B i
X. 6. The normals to the ellipse ?.+ 3bL2= 1 at the-ends of the chort:
Ix+ my=1and I'x+'m'y="1 will be concurrent,-if all' = bPmm’ = - 1.

T ' ‘
wo points of the four concurrent normals lie on the straight line

: . Ix+ my= 1. Lo 0

-Let the other two lie on the stréight line I'x + m'y = 1. ¢

Hence the four feet lie'on (Ix + my- 1)(I'x+ m'y- 1)= 0. e

Since the four feet lie on the ellipse ij + ¥ =1 )
a b o

equations {3) and (4) must be identical.

Comparing th
e i .
g : terms in x* and y” and the constant terms, we get
r mm 1 ’

Therefore oy o bmm’ = -1
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Examples V (B)
1. Find the equation of the normal

() at the point (1, 3) to the parabola y'= 9x ;
(17) at the point (1, 4) to the ellipse 3x*+ 7y*= 115 ;
(117} at the point (1, ‘1) to the hyperbola »* - 2>+ x+ y= 1.
2. Prove that the normal to the circle xX*+y* —5x + 2y =48
at the point (5, 6) is a tangent to the parabola 5y* + 448x= 0 .

3. Prove that the straight line Ix + my + n= 0 is a normal to

2 a2 . .
() the ellipse %+ L= 1, i L4 L (@ D)

b . P
2 2 2 2 2 25 2
(ii) the hyperbola 5 - Lo 1, ¢4 _ b _ @+ b))
i b [ 2

4. Prove that the straight line 4ax + 3by = 12¢ will be a normal to
2 2

the ellipse — + Jl% = 1, if 5c= a’¢’, e being the eccentricity.
a ¢
_ /) 2
5. Find the points on the ellipse % + yb—z = 1 the normals at which
a

| pass through a given point (k, 0) on the major axis. [ C. H. 1974]

6. Prove that the straight line 2x+ 4y =9 is a normal to the
parabola y* = 8x. Also find the co-ordinates of the foot of the normal.

7.Show that the chord of the parabola y?= 4ax whose equation

is y= xV2Z - 4aV2 is a normal to the curve and that its length
is 6aV3,

8. Show that the normals at the points (8, 8) and (2, 4) of the
parabola y* = 8x intersect on the curve.

o9 Find' the point of the parabola y?= 8x at which the normal
Is inclined at 60° to the axis of the parabola.

10. (a) If-a normal chord of a parabola subtends a right angle at
the vertex, then show that its inclination to the x-axis is tan' V2.

(b) Show that the normai chord of a parabola at the point,

Whose ordinate is equal to its abscissa, subtends a right angle at the
focus, [ B. H. 2003]

11. Prove that the feet of the normals from the point (i, k) to the
Parabola y* = 4ax lie on the curve xy—- (h- 29 )y = 2ak.
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at the circle passing th
rabola cuts the para

13. (a) Prove that the locus of the point Of mte;rs;c?on of th

o e parabola yz _ 4ax at the.extremmes of the focal ‘ChOr;
-n,oihz arabola y* =a(x—34) which is the locus of the point
;;ters(ecl:ion of two perpendicular normals to the parabola y* = dax.

12. Show th
from a point to a pa

) 2
the parabola Y = 4ax draw
() TP and TQ are tangents to .
fr a\}\)/)ariable point T. 1f TP and TQ be always pexjpendlcu.lar to eadh
ot(})lr:r then show that the locus of the point of ugtersechon of the
norm’als to the parabola at P and Q is the parabola ¥~ = a(x —3a).

14. If the normal to the ellipse -I%x2+ %yz = 1 at the point 0 cu

then prove that cos 8= —

W |

the curve again at the point 28,

15. In an ellipse the normal at an extremity of the latus rectum
passes through an extremity of the minor axis. Prove that e* +¢’= |
where ¢ is the eccentricity. [ C. H. 1993 ]

2 2
16. Any ordinate NP of the ellipse 55 + JbLz = 1 meets the auxiliary
a

circle in Q ; prove that the locus of the intersection of the normals at
P and Q is the circle x* + y*= (a+ b)’. [ C. H.19%]

17. Show that the normals at the ends of each of a series of parallel

chords of a parabola intersect on a fixed straight line which is a normal
to the parabola.

18. (a) If the tangents at two poi & i

‘ : points of the parabola Y 74

Intersect at the point (x;,y;), then show that the correspondi“g

normals will intersect at the point | 2g — x;* ‘Lz ,ah

; a a |

parabo(la) yP:e tangents at the extremities of a normal chord of tht

i =4ax meet in a point T. Show that the locus of T is th
(x +2a)y* + 44> =0. [ B. H. 19%]

19. Show th '
that the normal y = mx - 2am - am? of the pc’lmbOL

2
¥" = 4ax int
i Vt_:rsects the parabola again at an angle tan™' (1m).
- ’ 2

e, mlioa\:r ttv}:() points A and B of a parabola inters®
ﬁxed poinL ! at the Stralght line AB Passes throughl
[ C. H. 1967 ; B. H. 199!
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2] he . .
: ..14. "1 Iu‘ \nn;n‘nils at the 'onds of the latus rectum of the parabola
y’ = dax meet the curve again in Q and Q’. Prove that () = 12a
[ C. H. 1992 ]

22. Show that the locus of points such that two of the three normals
drawn from them to the parabola y* = 4ax coincide is

27ay*= 4 (x- 2a)°. [ N. B. H. 2007 ]

2%. If .threc normals from a point to the parabola y* = 4ax cut the
axis in points whose distances from the vertex are in A. P., then show
that the point lies on the curve 27ay*= 2 (% - 2a)%. [N.B.H. 1994 ]

[ Let the feet of the normals from the point (h, k) be (at, 2 2at, ),
(n!zz, 2at, )_ and ( af, 2 2aty ). Then t;, t,, t; are the roots of the equation '

at®>+ (2a- h)t- k= 0.

Therefore Xt; = 0, Ztity = (2a— h)/a, t t,t3= k/a.

The equation of the normal to the parabola at (at; 2, 2at) is
y+ tix= 2at + at, 2,

Putting y= 0, we get x= 2a+ aty”.

Therefore the normal at ( at, 2 2at, ) cuts thé axis in a point whose distance

from the vertex is (2a + at; ?). Simi}ariy for the other two points..
By the given condition, (2a + at, %)+ (2a+ aty )= 2(2a +-aty %)
or, t;2+ t37= 282

. o 3k \* 2%k
Eliminating t,, t,, t; , we get a-hl T T a ]

24. The normals at three points P, Q, R on the parabola y’ = dax
meet at the point (k, k). Prove that the centre of gravity of the triangle

PQOR lies on the axis at a distance %(h— 2a) units from the vertex,

while the orthocentre is-at the point (h - 6a, -%k)-

meet the major axis

that CG.CT= CS?,
[ C. H. 1960 ]

25. If the tangent and the normal to an ellipse
at the points T and G respectively, then prove

where C is the centre and S is the nearer focus to T.

i vper 2 which is a
26. QR is h f the equilateral h erbola xy = ¢ whic
. P Ay 27 where C is the centre

normal at Q. Show that 3CQ*+ CR*= QR*, '
of the hypgbola. . [C.H.1971;N. B. H. 1991]
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27 If the normal to an equilateral hyperbola at a variap),. Poing |
mects the curve again in Q, then show that PQ) varies as (p?

s Wh('r{,
C is the centre of the curve. [(C.H.1973;N. 1. j4 199))

28. The normal at the point P ct, < | of the cc uilateral hypert,or
P / | yperbol,

xy=c’ meets the hyperbola again 'in Q. If R be the Poing

(- ct, --:3) and the circle on QR as diameter touches the axjs y=1,

then show that =2 [ C. 1. 1975)

29. The normal to the equilateral hyperbola xy = ¢* at a point P on

it meets the curve again at ) and touches the conjugate hyperbola,
Show that PQ*= 512, [ C. . 1977]
'

30. Show that the locus of the feet of the normals drawn from a
point to the parabola ¥*= 4dax is an equilateral hyperbola.
31. (a) If the normals at the four points  (x;, Y),1=1,2,3,4 on the
ellipse §+ b2'=1 be concurrent, then prove that
1.1 1 1
(xl+:rz+xa+‘x4)(xl +x2+x3 +x4 )=4.
(b) If the normals at'the points (xy, 1), (x,, Y2), (x3,13) and (x4, 14)

on the rectangular hyperbola Xy =c’ meet at (a,B), then show that
a= X1+ X2+ xj + Xy, B = y| + yz + y3 + y,; and X1XZX3X4 — y1y2y3y4 = - C4.

32. (a) Show that the sub-tangent at a point on a parabola is bisected
at the vertex,

(6) Show that the sub-normal at any point of a parabola
is equal to its semi-latus rectum,

(c) Show that the sub-tangent and the sub-normal of a point

- 2 2
(x, y,)onthe ellipse§+ ‘lbé= 1 are (z—- x,)and%x, rcspectwc]y-
1 a

Answers
L () 2x+ 3y= 11. (t1) 28x= 3y - 16= 0 .. (i) x+ y= 2.

ah
'
a - b

6. (%,2). 9.(6., -‘4\/3).

5'

* aszz\/(az- by - 2 }
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11.1. ‘Polar co-ordinates.

‘Let O be a fixed point called thfz origin or the pole ang Ox
fixcd straight line called the initial line or the polar axis, be ,

P(r, ’9),

0 > X

Fig. 38

Let P be any point in the plane ; OP is drawn. Let it be of length
r and the angle £XOP be 0. The length r is called the radius e,
and the angle 0 is called the vectorial angle of the point P. If these two
clements be given, the position of the point is determined. These are
called the polar co-ordinates of the point and are represented as
P(r, 0). The radius vector is positive, if it be measured from the pole
along the line bounding the vectorial angle; it is negative, if measured
in the opposite direction. Vectorial angle is generally assumed positive,
if mecasured in the anti-clock-wise direction.

p3 / Fig. 39
lineLg)t);l:ﬁ line segment OP of length 2 units revolve from t.he ';‘(;“iis
. through an-angle of 30° in the anti-clock-wise direcnon.s )
ew Po.smon P,. Then the polar co-ordinates of P, will be (% .
The point P, situated on PO produced such that the Jengths




-2
(QUATION® il
R
M ual will have its co-ordinates (-2, 30°). In the
o oP, ‘ar; be the new position of OP after revolving from OX
o ay It 0 of 120° in the clock-wise direction. Then the polar
o™ n angle ill be (2, - 120°). The point P, situated on P,0
lhfol:ginates of P, W1

00" 4 such that the lengths of OP, and OP, are equal, will have

ed S °y .
roduccndinateS (-2 -120)
0—

‘ly be seen that the same point P, may be denoted by
It canhea:;ﬁ’Ong four sets of polar co-ordinates :
ch of th€

ah o 607), @, 3000, (-2, 240°), (=2, -120°).
al, the polar.co-ordinates of the same point may be ex-
eneral, g

ach of N
pfessede;)y[re' _(360° - )}, (-7, 180°+ ©) and {~7, - (180° - 6)}.
O 7 =

Change from cartesian to polar SyStem of co-ordinates
11.2. L1 :
an%.

/
/

Y A

Fig. 40

Let P be any point whose cartesian co-ordinate§ referred to r;:ctarg
gular axes OXY are (x, y) and whose polar co-ordinates referred to

s pole and OX as initial line are (r, 0). Draw PN perpendicular to
O%50 that we have

ON= x, NP= y,
~NOP= 9 and OP= +.
From the triangle NOP, we have

: 1
X= ON= OP cos £ NOP= r cos 6, .. EZ;
Y= NP= OP sin ~ NOP = r sin 8 L
"= OP=VON?+ NP> = V2 + o i @)
and -
tan g NP _ y T (),
ON x 2
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Ng
nd (2) express the cartesian co-ordinates

_ordinates and equations (3) and (4) ex
terms of the cartesian co-ordinates */ p

Equations (1) a
terms of its polar co
polar co-ordinates in

of p %
rESs lhe

11.3; Distance between two points.

Fig. 41

Let the polar co-ordinates of the two points P and Q be
(ry, Bl), an.d (r,, 8,) so that OP=r,0Q=r,, LXOP= 4,
£ XO0Q = 0,. Then, by Trigonometry, we have in the triangle.OPQ,

PQ*= OP*+ OQ*- 2.0P.0Q cos £ QOP
s 1’12+ 1’22— 21:1 2 COS (91— 92).

S

‘Therefore PQ= {r; >+ r,*~ 2r;r, cos (8, - 6,)}2.

11.4. Area of a triangle.

10) ' —> X
Fig. 42

vertices A, B, C of theztri n ](r3 » 83) be the polar co-ordinates ¢

A
ABC= 4 AOB + A AOC - a-BOC.
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],0],;\“ bQU
A/‘\OB _ _'i()/\. OB sin £ BOA.

= 3772 Sin (0 - 0);
\ AOC = 10A. OC sin £ AOC
= Lryr3 sin (0, - 05)
A BOC = 3OB. OC sin £ BOC

and , ,
=3272" sin (0, - 05)
= - 11,73 sin (03~ 0,).
ence AABC = A AOB + AAOC - A BOC
en
B} %[,.2 r, sin (0, - 0,)+ m 7y sin(0, - 0,) + r,7, sin (0, - 0,)].
Cor. The area of a polygon A A, ......A,, the polar co-or-
din.{tcs of whose vertices are (r;, 0,), (rp, 05)...... ,(r,, 0,) is
Ly ry SIN (0, — 0))+ 37573 Sin (03— 0) + ---o
------ + 2rpry sin (01 = 0n).

Note. If the points A, B, C be collinear, then
' nn sin (02 - 01) + sin (03 o 02) + 137 sin (01 4 03) =0.

115. Polar equation of a straight line.

— X

N\

Fig. 43

e from o) the

) ight lin
Let ON - p be the p’:erl:,uendlcular on the straigh torerice 0 o

Egle and @ be the vectorial angle of the point N with re
the initial line. Thus N is the point (% ®)-
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S]Q\‘
3
Let R ('. 0) be any poinl on the straight line, \
Then 2 XOR = 0, so that £ NOR = 0 = «q,

ON ‘
Now we have "(972' = cos Z NOR

L _ cos(0 - «), thatis, r cos (0- )= p.
7

This, being a relation between the polar co-ordinates of any po;
on the line, is the polar equation of the straight line. nt

or,

Note 1. This equation may be obtained from the carlesian
xcos u+ ysina= p by puling x= rcos 0 and y= rsin 0.

Note 2. If a= 0, the straight line becomes p=1rcos 0and s -
pendicular to the polar axis; if = %ﬂ/ the equation of the straight line is

p= 7 sin 0 and is parallel to the polar axis. If p= 0, the straight line Passes
through the pole and in this case 0 — « = %n, that is, 8 = constant is the equa.

tion of the straight line.

Note 3. The equalions of two parallel straight lines are of the for
7¢c0s (0 - )= p and rcos (0 - «) = p'. The equations of two mutually per.
pendicular straight lines are of the form

rcos (0- )= pand rcos (0~ u’)=p', where o' ~ a=1x

_Note 4. The equation 7 cos (0- «) = p may be wrillen as

. » )
cos 0.cos a+ sin 0 sin = L
,

1 cosa sin

or, - = cos 0+
r p ,;

Thus another form of the polar equation of a straight line is

sin 0.

"
where A and B are constants.

This is the

—= Acos 0+ B sin 0,

general form of the polar equation of a straight line.

11.6. Polar equation of a circle.

Let C(R, o) be the centre of the circle” with O as the pol

and OX as the initi i jrcle:
: ks al “n ), » 5 : o thc C][
OC=Rand £ XOCa ¢ Let @ be the radius of the

Let any [ine th tal lin
rou ing . » { 1a i
meet the circle a¢ p 8h O making an angle 0 with the init i

polar Co-ordinates of p a?c iz':_d Ig)t OP=r and 2 XOP=0.T

quatjoy
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e i
the wriangle CPO;

ThC"’nC OC ¥ OP2%- 20C.OPcos £ COP
=R 24 72— 2Rr cos (0~ a)
{
”:’ rz__ercos(G—a)+ R%-gl=0. 0
ol .
Q
P ‘
0\ A
0] > X

Fig. 44

between the polar co-ordinates of any point

(1), being 2 relation
ired polar equation of a circle of radius a)

on the circle, is the requi

/ If the initial line passes through the centre of the c1rcle, then

«= 0and the equation becomes r> - 2 Rr cos 0 + R*-a®=0.

Fig. 45

Vf/ ' tion
feg the pole be taken on the circle, then R = @ and the general equa

uc

If
QR~ “and a= 1z, then the polar axis
r
e at the pole and the equation of the circ
r=2a sin0.

becomes the tangent t0

le becomes
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»

A 3

e Let S be the focus, XM M be the directrix of the COnjc havi
its cccentricity. Let us take the pole of the polar system . n
the axis of the conic, as the initial line. Referred to the POIQ‘San
nitial line SX, let the co-ordinates of any point P on the ;
(r, 0), so that SP=r and £ XSP= 0.

P(r, 0)

# 11.7. Polar equation of a conic referred to a focyg as p
vy Ofe,

d SX
ang lh(’-
Onic.be

M
Mj

X[ A{s N X

Fig. 46

PN is drawn perpendicular-to the axis and SL is the semi-latus
rectum.
Therefore SL = eLM, = eSX =1 . (say).
PM is drawn perpendicular to the directrix from P.
Thus r= SP= eePM=e. NX=e(5X+ SN)
= e.SX+ eSN = 1+ er cos L PSN

=l+ercos(n-0)=1- er cos0
or, =r+ ervcoso,whence;l.=1+écos(5.

This, being a relation between the polar co-ordinates of any point
on the conic, is the polar equation of the conic.

Note 1. If SX " be taken as the initial line so that £PSN = 0, then ¥

equation of the conic-becomes : =1-¢cos0.
: _

boNote 2. ‘I.?rom the equations it is evident that.the curve is Sym

about the initial line ; for, changing 0'to (- 0) or to (2~ 0) the™

of the equation remains unaltered.

andeote 3. If the axis of the conic makes an angle a with the i““ial-"ne
(",: 0)be any point on the conic, then

LXSP= 0~ 50 that ZPSN= 7< 0+ .
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fheré I 1+ecos(0-a).
3

case, the initial line be SX', then the equation of the conic
this

n ;
b !l 1-¢ccos(0-a).

r
Nature of the conic I/r= 1+ e cos0.
8. |
11 L ffe= b then the curve is a parabola whose equation becomes
ase X

l I
1+cos® 2 cos’le

C
| 14 cos®, whence r =

-2

4
AtA’thE VertQXp 9= OI V= 12'1'

P
M L
0
L'\

Fig. 47

When 6 = %n, cos 0= 0 and r= [, giving the end L of the latus
rectum,

(1+ @s0) decreases with increase in 0, therefore r increases
mym\d limit as @ tends to ®, since ! is constant. Thus the curve

0ds up tof ininity,

(1 + cos §

) again will be increasing continuously as 8 increases
yond b 4 u“t

b il when 0 = %n when r becomes equal to ! again, giving
* Other epq 7 4 | '

of the latus rectum. Again, when 6= 2x, r= %I‘

escribed is a parabola as shown in the figure.

. f s ]
lkt()mes x be

taken as the ‘initial line, the equation of the parabola
re—1 I l. 20 ‘
1-¢ = s 21 2
080 2 5in*le 2
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Case II. Ife < 1, then the curve is an ellipse.

At A, 6=0 and -é- 1+e.

. e - 1
The equation of the curve being " + € €0s B, as cog g decf@ases

with increase in 6,7 also increases until 0 reaches the -

n at A" when % = 1- e and e being less than 1, r is positiye,

M p

Zate—¢ A’

Fig. 48

As 0 increases beyond = and until it reaches 2t, cos @ goes o
increasing from (- 1) to 1. '

g [ .
Hence r decreases continuously from 1 2 to T+ o So the max-

,_ I : .
imum and minimum values of r are 1_ o at A" and s eatArespec--

tively.
Again, for any value of 6, cos 0 = cos (21 — 0), showing thatthe
curve is symmetrical about the axis, which is the initial ln}e.
Thus, for e < 1, the equation gives a closed curve symmetrical about
the axis, as shown in the diagram.

Note. The lengths of  the semi-axes of the ellipse
I

l
and ——="
1-¢” Vi-e?

Case III. If e > 1, then the curveis a hyperbola.

AtA, 8= 0 and‘f.—. 1+ e

When 0= n/2, cos8=0 and [=r. remainﬁ
As 0 increases, cos 0 decreases and hence r increases, o

finite till ‘' 1-+ ¢ cos 0 = 0.

¢ is infinite-

When 1+ e cos0= 0, that is, cos 0 = --:-
g
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o . e =
", then the conic has two infinite radiys vecto
’

13 S], and S

ife? jing 10 the two values of cos @ = _ l.
por | g
« P/B
L
Z1Al ¢
C SN
. i L*
D
Fig. 49

. the two value§ of 6 be aandf which are
LS‘}J and £ ASL', the i‘nchnatgons of SL and SI to the initial line
éAASL and SL’ are equally inclined to the initial tine, that is, to the

-1(1 .
yansverse axis at cos ! - and are also parallel to the asymptotes.

[f the vectorial ang le 0 lies between o -and- B, then the radius vector
i negative and we get the other branch of the hyperbola. Hence a
hyperbola has two branches tending to infinity, one, if 6 lies outside
2and B, and the other, if 0 lies between o and .

Note. The lengths of the semi-axes of the hyperbovla are
l

1
. and .
ez— 1 Ve2o 1

119, Equations of the directrices:

Fig. 50
Let th ) . l cos 0.
"€ equation of the conic be P 1+e -

l
s L the conic is an ellipse. Let the focus S be

b ,
(2 0) be 3 Point on the directrix ZP which is nearer to the

pole.
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- - and SZ'= 2CZ - SZ = —=_ 1
Now 52 e 2 e(1 - ez) e‘;'ﬁ
since b*= az(l—ez)rl=—;and CZox B2+ ae.-. "4
Now, for the directrix PZ, we have
' !
r cos@=5Z="
N 0
or, —= ¢ COS U. . _
‘ ’ r e - . . (1)
For the other directrix P’Z’, if P”’be the point (7, 8), we hay,
o) SZ = I 1+ e ‘ '
r cos(t— 0) = =212
0= l _ 1+ €
or, - rCosu= —e- T:-?
[ 1- ¢
- = e cos 0.
O r 1+¢€ ° e )
(1) and (2) are the equations of the directrices.
If e > 1, then the conic is a hyperbola.
In-this case, SZ = é and SZ’' = SZ + 2CZ.
N T
X Z' Z
y/\’ C A <
Fig. 51
Hence SZ' = -I-+ “—221——: —l e+ 1 ’
¢ ele"-1) e &£-1
since 2=a(e__1) andl_—b—
a
For the di . : ‘
e directrix PZ, we have, if the point P-be (r, O) ther
rcos@ad
e
0[‘, 1 gt ‘3‘

- =
B e cos 0.




W/ g » pl?l ¢ ’ ZE’-]
: r COSU= OL

| €+ 1
y cos 0= ;'ez_ 1

-1
3 e cos 0.
€ + 1 PYRPUIN (4)

I_
o r

o a rabola, e = 1 and the equationl of the directrix s

are the equations of the directrices.

L cos 0.
-

110, Equation of the chord of a conic.

Let the equation of the conic be -I—..: 1+ e cos0. - Lo ) )

S s A R

Let Pand Q be two points on the conic such that the radius vectors
of Pand Q are r; and 7, and their respective- vectorial angles are

(-p) and (@+ B).. :
P

Fig. 52

Lét the equation of the straight line PQ be
2

ts A and B which
through the two

l .
P A cosO+ Bsin.

Thi
e »
any, -J4ation contains two independent constan

Bivey *Plaineq from the condition that it passes
% p L _ i (1) and the
Mgy Iinir,(é)q_ B) is a common point on the conic (1) @
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SIg

Therefore ;_1—= 1+-e cos(a—- )
1

and —I—=Acos(a— B)+Bsin(a_ B) .

Ty
Therefore A cos (c— B)+ B sin(a- )= 1+ e cos (g - )
or. (A- e)cos(aa- PB)+ B sin(a- PB)=1. |
Similarly, for the point Q (r,, a+ B), we have e ) |
(A-e)cos(o+ P)+ Bsin(o+ f)=1.

Solving from (3) and (4), we get

A= e+ cosa secf and B= sina secf.

Thus, from (2), the required equation of the chord is

~ 1 _
~=ecosB+ cecP cos(0- a). e )

Cor. If the equation of the conic be %= 1- e cosB, then
the equation of the chord PQ will be
L secfp cos(B— a)— e cosO.
;

Note 1. Equation of the chord joining the two points whose vectorial angles

are & and f 1s
l: secﬁ—_z—gcos (6— iié—ﬁ)+ e cos 0.
»

N B _Note2.If the equation of the conic be L 1+ e cos (6 - Y), then the chord
, ,

joining the points whose vectorial angles are (« — f) and (a+ B) is

~ |~

=ecos(0-vy)+ secf cos(0- a).

. : le

To find the equation of the tangent at a point whose vectorial al:vgw

is a, we are to put 3 = 0 in the equation of the chord joining thi A
points whose vectorial angles are (o - f) and. (o + P) of the conl

cl'= 1+ ¢ cos 0%

——

-
1 i

we have the equation of the tangent to the coni

argal cos 0+ cos (0 - a).

| l 8 yatio?
Cor. If the equation of the conic bel — 1 - e cos 0, then the eq_,
r it s -

PR

of the tangent at the point o is L cos (0 - a)— e C05 'k
E LS
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: The equation of the tangent to the conjc
Note: 1

L1+

¢ cos (0 - y) at a is l/r-g e cos (0~ y) + cos (0 - a)‘

e .

r I = i
1 ﬁquaﬁon of the normal to a conic,
1% ]
Lot the equation of the conic be —= 1+ e cos@, o
o that the equation of the tangent at a point whose vectorial angle
o 1_,cos®+ cos(@- a).
ek
The equation of a straight lirre perpendicular to this line is

= e cos(0+ Jm)+ cos (0+ In- o)

Rk B ko

4 = -¢sinB-sin(0- a). @)

Now k is so chosen that this perpendicular is the normal, that is,

; [ o i
it passes through the point 1+ ¢ cosa ot), which is the point of

contact. Putting these in (2), we get

+ € COoS O . le sin a
kl—————= - ¢ sina, whence k= - .
[ 1+ ecosa

Hence the equation of the normal is

le sina 1 . .
— .~ =¢ sin0+ sin(0- o).
1+ ecosa r

-or.If the equation of the conic be i 1 - ecos 0, then the equation
14

of the normal at the point o is

leSina 1 - .
.~ = esinf - sin(0- a).
l1-ecosa r

1, Equation of the chord of contact of tangents.

Let the equation of the conic be % =1+ e cos O.

f the two: points

Let o - . : 1 (0]
G~ B) and (a'+ B) be the vectorial angles O T T eonic

of ¢ ;
e;(::tm of the tangents from a given point (ry
he €quation of the chord is

! A 194 (1)

~=ecos B+ sec B cos (0- a)-



240 ADVANCED ANALYTICAL GEOMETRY OF Two Diteyy,
, a

==

ations of the tangents at the points whoge

the equ Vech.
Now ] d (a+ m are Clr,"dl

angles are (@ = p) an
I . cos 0+ cos (0 o+ P)
"

I _ . cos 0+ cos (
and = ¢

Both these tangents pass through the point (r;, 0,),

[ -
2 e cos 0;+ cos (01— a+ B)
Therefore . € 1

@
l - -
! _ ¢ cos 0;+ cos (01— a—- B).
and o e {
Hence cos (8;— o+ f) = cos 01- a-f)
or, 0,- 0.+ p=2nnz (01— o— ).

As the upper sign gives a particular value of B, we take the low
sign.
Therefore 9, - o+ B=2nt- O +a+ B, whence a = 6,- nn.

From (2), ;Il-= e cos 0;+ cos (nm— f)

=ecos 0+ (- 1)" cos B
or, -r-l—— e cos ;= (- 1)" cos .
1
Hence, from (1), we get the required equation of the chord of contad
of tangents from the point (r;, 6;) to the conic as

(l- e cos 6) (i— e cos 9,)
r n

an
Cor. If the equation of the conic be L 1 - ¢ cos 6, then theed’
r

. . int
tion of the chord of contact of the tangents to the conic from the P°

(r;, 0,)is (£+ e cosO){-I—+ ecosel)- cos (0- 0;)-

r
\ 1

(- 1)" cos (0- 6+ nn)

cos (0- 6,).

: ‘ ] 185
11.14.  Equation of the polar of a point (r1, 61) with ref
to a conic,

Let the cquation of the conic be ! =14+ ecos 0.
r-

Let AB be a chord
and B mcet in TG

ents !
passing through P(r, , 0,). Let the 125 L
+ 0. The locus of T is the polar of PW
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1i.16. Illustrative examples.

8 s
'Ex. 1. Find the nature of the comic = 4 -5 cos 0.

The given e n as

Comparmg this equation with the equation -

! 1-ecos'9

r
we see that here e= > 1.
quation represents a h

. 14
e conic — = 3
r

Hence the given ¢ yperbola.

_Ex. 2. Find the points on th ~ 8 cos 0 whose radius vector is)

points with radius vector 2 on the given curve, we have

For the
14 _3_-8cos B
or, 7a3-8cos 0 ., -
or, cosU=-%=—%-
Hence 0 =,—n:, - %ﬁ:.

Thus the required points are (2 ) and (2, - %n)v.

Y 2 2 :
’S‘; Ex. 3. Find the polar equation of the ellipse —3—6— + }2% = 1, if the pole be at il

right-hand focus and the positive direction of the x-axis be the positive direction of

the polar axis.
2 [ T/H. 19]

2
For the elhpsc_ —+ :,ZLD— = 1, the lengths of the semi-major and semi-min

axes ( that is, a_»and b ) are given by 2= 36 and b*= 20.
Therefore the semi-latus rectum of the ellipse is .
b 20 10

l-— _ =

a 6 3
and the eccentricily e of the ellipse is given by
bz_ ﬂz(l _ 6’2)
or,  20= 36(1- &)

or, y P
3 9
or’ ez-l"’ 2-.-!'
9 )
Orp &= 3.
.3
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od polar equation of the ellipse is —
quire

™ y4ecos O

3
10
T, 14 % cos 0
o f
lq._ 34 2 COS 0.
., . T the straight li
) Show that the straigh :ne rcos (0- o) = p touches the conic
. _ N2 2 il 2
jpecos 0 (o8 @ ep)” s ok pt [C.H.1997]
; Lel the given straight line 2"
rcos (0—a)=p
" }rjs cos (8- a)=cog 0 cos a+ sin O sin a e ()

{ the point “ B .

uch the conic 2
of the tangent to the given conic at the point “ B’ is

The equation
—I-s e cos 0+ cos (0- f)

,
=cos 0 (e+ cos )+ sin 0 sin . . T (2)
| Equations (1) and (2) age identical.
Therefore p__cosa _ sina,
I e+ cos P sinf
Hence  sin B = [5In & 1d cos B = | cos a

4 P

Now sin® B+ gos2 B=1
9

2 .2 2
or I” sin” a ] cos a
’ ——+ [ -] =1 :
p“ r
' P ) 2
= (I cos a—ep)2+l sin” a=p°.

onic mean between

[B. H. 1991, 2005]
the foci S and

e Ex.5. () Show that the semi-latus rectum qf a conic is a harm
*ments of any focal chord. ,
» (b) If PSQ and PS 'R be two chords of an ellipse through
f”}' 0 S r oy
" Pove that (TS—E/'* SR ,Z ) is independent of the position of P.

I c.t of
SQ be a focal chord. If the vectorial angle of P be 0, then tha
+ n),

(1) Le
Qui) bLQl ((f

Ltk ) _
® %quation of the conic be 1 - 14 ¢cos 0.
r

|Aclq
SP o
P’“nd SQ- "
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Therefore
l- 1+ e coS 6 and -L,- 1+ e cos (0+ m)=1-¢cos g,
r
j ! l 1 1 5

Adding these, we get SP + -S_é -2, Whence spt -56 -3

This also shows that in any conic the sum of the reciprocals of the SeQineny
. : 50

a focal chord 1s constant.

(b) Let PSQ be the focal chor

d such that the vectorial angles of P ang
are a and (a+ 7) respecliyel)g.

Therefore —S—II; =1+ € cCOs a

I 1+ ecos(a+ m)=1- € cos a.

and *S—é-
01 .12
Hence SP+SQ 7
SP 2. .p_
or,- SQ- 1 SP-1. (]}
Again PS 'R is also a focal chord.
1 1 2
_Therefore.s,P+ SR ]
SP-2 .,
or, -ST,R;-"I“‘SP—I. e (Y
Adding (1) and (2), we get
sP . SP_2 : 4a
'SQ+S’R'1(SP+SP)-2'T'ZI

where 24 is the major axis of the ellipse.
The right-hand side is independent of the position of P.

\~EX. 6. PSP " is a focal chord of the conic. Prove that the an gle between the tangenls

' -1 2e Sin a
% Fand P i tan "]Te—z, where a is the angle between the chord and te
major axis. [ C. H. 1989, 1993 ]

The focal ¢hord PSP’ makes an angle a with the major axis of the cor

~= 1+ € cos0. Then the vectorial angles of P and P' are a and (a? ;
respectively. The, tangént at a is

7= s(0-a)+ e coso

or, l=rcos@ ;
(COSQ‘I' e)+ r SinaSinB- x(co5a+ €)+ ysinar

Therefo;e m = slope of the tangent at P - SOS O+ €.
sina
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Folﬁg , - ' —
; ' slope of the tangent at P’

g;mﬂarly’ cos(a+t )+ e _e-cosa.

=~ sin(a+=®) sina
angle between the tangents, then
m-m’ 2¢ sina o 25ina

-
pnd= 73 mm sina- e?+ cos? a 1- 2

Find the point of intersection of the two tangents; al

~—m 14 ccos0.

Ex 7 (ﬂ)
gl 1o 1

Ulhelangcntsat P and Q of a conic meet at a point T andSbe
us of thc conic, then prove that

e ocss 6T*= SP.SQ, if the conic be a parabola. [ C. H.1992]
() The tangents at o and f are

I cos(0- a)+ ecosO silesn 2 (1)
r

and %-COS(O-ﬂ)"’ ccos 0. . e (2)

Subtracting (2) from (1}, we have

cos(0- a)=cos(0- B), whence 8- a==2(0-f).
The positive sign is inadmissible ; for, in that case, a= f.
Therefore 0 a= - (0- B), giving 0=2(a+ B).
Substituting this value of 0 in (1), we get

é-cos {12(a+ B)-a) + e coslz(a+ B)

OT;_é-Cos%(ﬁ- a)+ e COS“Q(“" B).

If the point of intersection.of thes tangents be (r1, 1), then

01-'-1.(“+ ‘3) and _l__ COS!'(‘;" a)+ (4 COS-I.‘;(G"' ﬁ,)-
n
angles of

) Let the given parabola be l - 1+ cos 6 and let the vectorial
bbla; then

a"‘1QOn1tbet=L and ﬁrespecnvely If S be the focus of the para
SP--—_—I~ -51 30-
1+ cosa dec 2

ang S 1

1 .28
cosp - 2 = > (1)
Thel'efo:e SP.SQ I cec? % Sec _g
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D) : : 0

, Ny

ol SN : f the point of inters‘ect\
‘ rdinates (71, 61) of tf fon T

Aslr (a)Ith(:.l::: -I(:arabola are ( since e = 1) o1 tangenls

ata and P to : )
I - — - (1
9.1(a+ﬁ)a"d’;"ws§(ﬂ a)+ cos>(a+ B) 2cos.2_c°sﬁ'
1 2 1 ' 2
a B

5% — €O0s
- 2c05 5

Therefore o 2
o a B
or" e ST- 'i sec 2 Sec 2

; 2 — — sec - . p .
ST?= osecTp ¢y y ()
g E’;s A circle of given diameter d passes through the fOfJus of a given -conic o
cuts it it four points whose distances from the focus are 11, T2/ T3, T4 Proy, th
| 1 1 1. 1 2 ,odrir
-—+-—+—+—--—andr1rzr3r4- =

n r MmN ! ¥E.

or,

where 1 15 the‘semi-latusrrectum and e is the eccgntricity of the conic. [B. H, 19
Since the circle passes through the focus.( which is the pole) of the cor
whose equation is assumed to be -

I_ 1+ e cos 0, | .. ()
its equation will be r= d cos (6 - a) b

in which the djameter pssing through the focus is inclined at an angle alo
the axis. | '
If we eliminate 8 between (1) and (2), we shall get a biquadratic equation

in 7, whose roots r, r2, 3, r will give the distances of the points of inter
section of (1) and (2) from the focus of. the conic.

. _ . l- ks
From (1), we have cos 0 = (=7 and .hence sin 0 = 1- (""I)

er

er
Then, from. (2), we have

r=dcos@cosa+ dsinBsina
or, fer®- dil~ r).cosa}z- {e*r?= (1- N*} d*sin’a
or, e’r'+ 2edr? cosa+ r®(d*- 2eld cosa—- e*d?sin’a)

272
Therefore NnNNRry= d—ef—,
R 2ld 2
and —+—+-1-+ 1 _ Znnn e” 2
) =
m 2 T3 L2} 7'11'37'37'4 dzlz— l
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nstATIONS B e
M Examples XI
) d ,ﬁc bt ang“"‘r cartesian co-ordinates of the points,whose
W atesare - il
S t0 410 @2, ).
A i e polar co-ordmates of the points, whose cartesian
rju)mtesal'e @ (- 1, - 1), | (u) (3 , = 3).
Tt ansform the followmg to cartesnan equations :
( (0r= 2; (11) 9—*—711, @)1 /r=14. cos 0.
(d) T ransform the followm_g to polar equations :
(0x+y) 2 (")x=y(241-—x)
) Find the dlstance between the followmg points :
(1,30°) and (3, 90°); (i) (2, 40°) and (4, 100°).
(b) Show that the locus of the pomt ‘which is always at a
distance of2un1ts from the point (3, —n), is r? —6rcos(e——n)+5 0.
3. Find the area of the trlangle whose vertices are
\(2,- 30°), B(3,120°) and C(1, 210°).
Also fmd the area of the square, whose one side is AC
4. () Find the polar equation of the straight lme joining the two
wints (1, 2x) and (2, =).
() Show that the polar equation of the straight lme assin
trough the poi B &
gh the points (7, 8;) and (13, 0,) is
1
-sm(B -8,)- *-sm(G 0,)+ lsm(B 0,)= 0
He %
(rlj‘cge)fmd the condltlon of collmearlty of the points
1 (1’2, 0:) and (s, 05).
the Pc(n) t?ze vectorial angle of a pomt P on the straight line joining
#p n 0,) and (r,, 6, ) is 1(6,+ 6,).Find the radxusvector
) Show g,
g, at the perpendicular distance of the pomt (ry,04)

M th
¢ Straight [ine rcos(0-a)=pis

T, cos(0,-0)-p




LAy
e sphﬂf nstant distance from a flxed point.
wa)fs at? Of the sphere and the constant dlstance is its

ceﬂe

“8 pomt whnch '
The fixed point ::
radius,

14
P

Fig. 16

et Px, ¥ 2) be any point on the sphere with centre at :
o e 50 - If the radius of the sphere be r, then
1!

CP*=r", |
fatis, (x- %)%+ (- y)*+ (z- z)*=r 51, k) 3
This is the equation of the sphere. ' |
If the centre be at the origin, then the equation of the sphere of
ndius r is x*+ yi+ z%= 2, ',,(2)

Note 1, The equation. (1)'is an equation of second degree inx, y, zin which
"observe that

(l) the coefficienté of x 21 y . Sz 2 are all equal

(i) the coefficients of yz, zx, xy are all zero.

The .
g Eeneral equatlon of second degree which satisfies the above two con
ax? +ay’+ az’+ 2x+ 2my+ 2nz+ d= 0.

-of

u\‘e f0r V1dmg by a( = 0), the g eneral equation of the sphere bmorges of
2 ' ' (3)

Ty +~+2gx+2fy+°hz+c"0" -

an_be

c
“‘adel qltllztzon contains four constants g, f, #, € and hence 2 sphere
Our independent conditions. : 7

Yo, .

L




8]

114

0
s | £
In particular, 2 sphere may be made to pass through fm
b
t

points.
The. equation (3
L2 2 h 2,2 2 h2
(x+g).+(_1/-|:f) v (z+t h) =g "+ fi+ h- ¢,
so that the centre of the sphere (3) isrilt (- &, - f, - h)and the radivs
Vg2+ f24+ b~ c.
In order that the sphere may be real, |

g2+f2+l12— cz0.

) can be put in the form (1) as

Note 2. The general equation of second degree in x, y, z, namely,
ax?+ b1_/2+ cz i 2fyz+ 2gzx + 2hxy + 2ux+ 2vy+ 2wz+ d=,
which contains nine constants, a= 0, will represent-a sphere,

if amb=cand f= g=h=0.

Note 3. A point lies outside, on or inside a sphere according as its distanc:
from the centre of the sphere is greater than, equal to or less than the radius
of the sphere.

5.2. Equation of a sphereon a diameter with given extremities.

Let the two points A(x,, y,, %) and B(x, y,, z,) be theex
tremifies of the diameter of a sphere. Let P (x, y, ) be any point on
the sphere. Then PA and PB are at right angles.

The direction ratios of PA and PB are
(x- x), - wy1), (z- z) and (x- x), (¥~ ys), (z- 2)
respectively. !

Since they are at right angles,

(= x) (r- )+ (y— ) (y - )+ (2= =) @ 2=
which is the locus of P and hence is the equation of the sphere.

5.3. Equation of a circle.
the equaﬁorﬁ

Since the circle is a section of a sphere by a plane, p togethe’

xi+ye 2ty 2gx 4 2fy + 2hz+ d= 0 and ax+ by + ¢Z=
represent a circle.
of radius 7

The points, which are common to a sphere e
lie on a circ

which.is at a distance p (< r ) from the centre,
Y

r°=p®. This is called a small circle. If p= 0,t
is of radius r and is called a great circle.
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'ﬂ1 gion of tWO spheres.
t

i 2 of in:crscclioh of tfwoS s?fh‘cl:cs is also a circle. The equa-
e AUV e are the equations of the two spheres together,

34 y2+ 224 2¢9x+ 2y + 2hz+ c= 0 U

t 7., .2 ' ' 1 ’
lﬁc,‘xz+y + 224 2¢x+ 2f'y+ 2'z4 c'= 0) e ¥ 2)

%

aﬂd
op

Pheres.

0S
5(3[\t tw . . .
ates of the points of intersection of {1) and (2) obviously

I'lﬂ'{y the equaﬁon ' ’ ’ ’
53.5_5'5 2g - g )+ 2(f- fy + 2Ah~ h'z+ c-c'=0,... (3)

iation of first degree, is the equation of the plane

.1 being an €qt 2 .
Z}hi';:‘érscfclti%n of the tvso epheres. This plane cuts either sphere in a
arcle.

;5. Spheres through a given circle.
Considet the spheres
Sexityl+ z%4 2gc+ 2fy+ 2hz+ c= 0, (1
| stexiey?ezi+ 2g'x+ 2of'y+ 2h'z+ c’=0 il (2
| ind the plane
(3)

Lelxt my+ nz+ k= 0.

() The equations (1) and (3) together represent the equations of
tdrcle, being the intersection of S = 0 and L= 0.
(4)

The equation S+ AL= 0,
Ve ) is a constant, gives the sphere passing through the circle a2
B P s satistied by the co-ordinates

E;V&n by (1) and- (3) together, since (4) is sa

“ points lying on the circle.

asg’lcﬂnsider the equation S + AS ' = 0,whi?h re
Sv ) 8 thr(’ugh the circle of intersection 0

ind §'s .

presents a sphere
f the spheres

In 7 b

"ot the cases, ) is obtained from some other given conditions
56
8, Sou:
e “lon of 4 sphere with a given centre.
i#l et
" quation of the sphere with the origin as centre

2 3
xi4 ylezimrL
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loy

s

e b, O be the centre of the section whog
ne. The direction ratios of the n§h Cl :%

Ma| ¢

o,

=

Fig. 17

z)be any pointon the section. Then PCwhose gj;

3 2 e '
), is perpendicular to OC, o

LetP(x, ¥
ratios are (x - a), (y-b), (z- ¢
Hence x-a)a+ (y- bb+ (z-ce=0.
This equation is satisfied by the co-ordinates of any point P o,

plane. Hence this is the equation of the plane section whose centrejg

at (a, b, c).

57. Illustrative Examples.
Ex. 1. Find the centre and the radius of the sphere
3xt+ 3y + 322+ 2¢— dy— 2z—- 1= 0.

Dividing the equation by, 3, we have

y) 2 2 2 4 2 1
Lyt i x—-cy—5z- 3
y+z 4 x-3y- 3z 3"0

142 2\ 2 v2 1,1, 4,1 12
or, X+ - —_—— —_— - - - - - "-1- i
’ ( 3) +(y 3) +(z 3.) sttty

: ) and the radius is 1 unit

Therefore the centre is at (- T
_@MW

Ex. 2. Find the equation of the sphere described on fhé]""‘” afP(Z,
Q(=-5,6,- 7) as diameter.
a
Let R(x, y, 2) be any point on the sphere. Then PR and RQ 2"
angles. The direction ratios of PR and RQ are Cﬁvely-
(x-2),(y+3),(z-4) and (x+ 5), - 6),(z* respe
For perpendicularity of PR and RQ, we have
(x= 2 (c+ )+ (y+ 3) @ 6)+ (z- )@+ D" °

2
or, x‘+ y24 z%4 3x- 3y+ 3z=56.

t rgh

This is the required equation of the sphere.




i o o 2 &

| ﬂﬁsPHERE ) 3 foi, © —
| find the equatim of the sphere which passes through the origin and
3 st

1, yz+- z2= 56 at the point (2, - 4, 6)

| , 6) lies on the given sphere whose centre is the origi,
e Phedspher e roLgh the orgin, touches e givn
oe™d oover, it is described on the segment joining the two points
gmcfh ally- M 4, 6)as diameter. Hénce the required equation of the sphere

; I(I__;z,)+y(_y+ 4)+ z(z- 6)= 0

leyitzi- 2+ 4y-6z=0,
or

4, Find the equation of the sphere through the points
Ex-) &0 1 -1), (-1, 2, 0) and (1, 2, 3).
0,0/ rot .
0 < 1 equation of the sphere be
2% y2+ z+ 29x+ 2fy+ 2hz+ d= 0. (1)

gince the sphere -passes through the given points, we have
d= 0,
1+ 1+ 2-2h+d=0,
1+4- 20+ 4f+ d= 0
and T+4+49+ 204 4f+ 6h+ d= 0.
Slving these equations, we get .,

15 B 1
- = e - — ] . - d- ]
8 147 -{' 137 147 0

Substituting these values in the equation (1), we get

x*+ yl+ 2%~ 152~ 25y~ 11z= 0.
Ex.5. Obtain the equalion

of the sphere passing throtgh four non-coplanar points
i g im0, 2,3, 4.

[ C. H. 1983
Thgeneral equation of a sphere is
P4yte 2ty 29x+ 2fy+ 2hz+ c= 0. o (D)
If the given points lie on the sphere (1), then we must have |
x,'2+y,-2+ zi%+ 25’Ii+ 2yi+ 2hzi+ c= 0, oo (2

o (t" 1,23, 4)

e ot theﬁng the four constants & f h, c from (1) and the four equations (2),
fquired equation of the sphere as

:x2+ v+ 2? x y z 1|=0.
x s niv 2?2 oy oz 1
J'Qz"‘I/ZZ‘* 2t x y2 z2 1
x32+ y32+ 232 I3 y:i.z:; 1
ity y g2 % ys oz 1

% n ¥y the i et one and
e Sphepe four given points are non-coplanar. So we g ‘
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i ‘ N IONs
I£ the four points be.coplanar, three of them lying Onm

there will be no sphere through them. '
In general, there can be many spheres through foy. Coplana,

: : Poingg
Ex. 6. A plane passing through a fixed point (a, b , cutsbthe Hes in g |
: gl ,
Show that the locus of the centre of the sphere OABC js bl f S
Let the equation of the plane ABC be

X A zZ

—+ L+ —==1

a By .
so that Ais («,0,0), B is (0,f, 0) and C is ©0,0,y).

It passes through the point (g, b,‘ c).

ab_q_

Therefore ot '6 + ¥ .

1.

U
The sphere OABC passing through the points (o, o, 0
(¢,0,0), (0,8,0),0,0,9) is x>+ y24 22_ g4 '

- Py-vyz=0.
If the centre of the sphere be at (x1 » Yy+ Z,), then

1 1 1
=% Y= 3B, 7= 2y,

Eliminating a, B, y from (1), we have

EI 2T/1+ ‘2_271‘ 1

.. n b ¢
Yi,z1)is —4+ = ¢ == 2,
X

y oz
% vEX. 7. Find the centre and the radiys of the circle

Hence the locus of (x1,

)
o\L> x2+yz+ 2% 25, x+ 2y+ 22+ 9= 0.
The centre of the sphere x24 2, ,2

5 units, Length of the
the p]

. 18 18
= 25 is at (0, 0, 0) and iis radi®

heré to
Perpendicular from the centre (0, 0, 0) of the sP
ane x+ 2y 4+ 27 4 9= 0is :

9
d- T =
Vo= 3

ence the radius of the circle s 4 units.

Jar®
. the P
Equations of (pe straight line perpendicular 1 )
X424 24 9o g ; x Y_ Zar(
Passing through the origin are 7" 3" 2

)}.
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THE S'P . 27 of this 'straighlt li will 1 s
i (1 2 ) ne will lie on the plane, if

N‘yp r.+ 4r + Ar+ 9= 0, that iS, rm -1

,ordinatesof the foot of the perpendi
2, -2. perpendicular, that is, the centre

uations of the circle on th 2
! o e-sphere x*+ y+ 2% = 49 whose

e point 1~
equéﬁo o of the plane section of the given sphere whose centre is at

1,:,)is

/e (x- 22+ (y+ 1)(- 1)+ (z-3)3=0

o, ox—= Y 3z= 14.
The equations of the required circle are the section of the sphere
2_ 49 by the plane 2x- y+ 2= 14. |

Iz+y2.+z -
Find the equation of the spheré for which the circle,

*ﬁx‘ 9- )
24 Ty - 22+ 2= 0, 2+ 3y + 4z = 8 is a great circle.

,xz by HE
f the sphere through the circle e

Let the pquation O
x2+yz+ 7_2+ 7y-—2.z+ 2+ sz'l' 3y+42-8)-01 (1)

Abeing @ constant.
th the centre of the circle in the

ere coincides wi
12(" 7- 3, (1- 20}

Gince the centre of the sph
tre of the sphere {- A,

ase of a great circle, the cen
nust lie on the plane 2+ 3y+ 4z=8.

_ 7= 3N+ 41- 2\) = 8, whence A= - 1.

Therefore 2~ A) + 3

Hence the equation of the sphere becomes

x2¢ yi+ 2= 2x+ 4y- 6z+ 10=0.

vEx. 10. Prove that the circles
2P+ P+ )+ Bx— 1Y * 17z- 17=
mi Py Py e 3x- ay+ 2= 0077 y+ 227

Iie on B o X
the same sphere. Find its equationt-

0, 2x + ?-— §z+ 1= 0

4=0

rcle is of the tyP®

E‘luation of the sphere through the first ci n
4 3 17 _ 1 _ 3z 1)=0
Y+ 22+ 4x- -E—y-q- Sz <t AMxt+ Y
fort® @

ingd thes
through the second €ircle is of the

2 , _4)=0.
ate e 3x-43’1{-v 3z + l‘(x'y*zz :
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DIMENS
—_— If the same sphere is to contain both the given Circleg " : ION&
(1) and (2) will be identical and thus comparing e ,d €N the,,

f
4420 =34, fi ents,

Equations (3) and (4) give A=2 and p=9 and theg,
the relations (5) and (6). Thus, with these values of and

(3), (4), (5), (6) are consistent.
Thus both the circles lie on the sphere
17

2 13 17
Pyt eax-Byr Vo1,

7@x+y-3z49
or, x° +y&+zz+5x—6y+7z—8=0.

Examples V(A)
1. Find the equation of the sphere having
() thecentreat (2, -3, 4) and radius equal to 5 units,
(if) the centreat (-1, 2, 3) and diameter equal to 6 units;
(iif) the centre at (0, 0, 0) and passing through the point (1,2,3)
2. Find the centre and the radius of the sphere given by
@ 20>+ y* + 2%) ~2x + 4y —67 = 15;
@) x*+y* + 2% — 2x+ 4y — 6z = 11,
(i) x? +y? + 22 —6x+8y =0.

3. (a) Find the equation of the sphere passing through the four
points

® (0, 0,0), (20,0, (0, b, 0, (0, 0, c);

@) (1, -1,-1),3,3,1), (-2, 0, 5, (-1, 4, 4);
: (lll) (O, 0I 0), (—a, b, C), (ﬂ, —bl C),‘ (ﬂ, b' “C)'
Mk Find also the centre and the radius of the sphere (i). g
Al (b) Obtain the equation of the sphere circumscribing
\h s tetrahedron formeq by the planes

¥=Yy=2=0 and 2x+3y+4z-12=0.

4B
i . (c) The Plane y 4 2y + 3z = 6 meets the co—ordil.mte axf;tl:-‘l A’-
i C-Find the equation of the sphere OABC, Obeing the origin;and
bl the centre ang the radius of the sphere. the poin®
! . (d) Find the €quation of the sphere passing ﬂlfough the pla™
[; I (3,1, -3), (- 2,4,1), (-5, 0, ® and whose centre lies on
bl Z+y—-z+3=0,

b



A
s SPHER t the equation of tl | 2
w that the €q¥ of the sphere . —
! ~§ho 4, Q- 1,- 1)and havingitséj::f;:b through the

(00”72 sy + 2= s xi4 y?y 2 onthe straig
ln;-(— - 0= % ation of tl y : 56— dy+ 1024 ]2:‘:“;)'ht
i®”  pind the equ 1e sphere which passes throygh (i
(Qz 0,0) 0, 2 0) and (0, O, 2) and has the least possibl‘z“l{az,lhc
s " Lation of the sphere be (x- a)*+ (y- b) 2+ (2- )2 a 2‘“5-
-:C =

foi ¢ the €9
3_(g-a) tbrc=a +(2=-b)“+ A=+ Py (2-¢)?2,

Then ! “ g 2\ 2
e = nd = 3 -— -8— .
ofore 1 p=canar {( 3) + 9} .For least value of 7, 4 = %‘l

here passing through the poi
i there @ SP points (1, 2, 3), (4, 0
54'6 _11)and (10, -4 9) 7 Aol
e hat the equation of a circle passing th i
¢ () Show ¢ clep g through the points
! 0 0,1, -3) and (-1, 5, 0) is given by p
}r x2+y2+z'?‘— 3Ax - 72—29=0, 2x+y-3=0.
required circle is the-intersection of any sphere passing through the
en points by the plane through these three points.]

fhe

[The
fhree g1V

(b) The plane ABC,whose equation is a1 %+ £ 1,meets the
a C-

axes in A, B, C. Show that the equation of the circum-circle of

1ABC is given By P+ y+ - ax-by-c==0, _’5+%+E= 1.
i c "
. b2y b cled’ o i+ b
whose centre apo +c L.
N (z 2 k2 k )
2

where k= a2+ b~ %+ ¢ °.
6. (4) (i) Find the centre and the radius of the circle
Pyt - 2y-4z-11= 0, x+ 2y+ 2==15
(i) Find the radius of the circle
32% + 3y2+ 322+ x- 5y— 2= 0,
(ii]) Find the centre and the radius of the .ci
b(x" P+ (g4 274 (- 1)P= 100, 2x= 2~
+( )ZShOW that the circle in which the sphere 9= = 20
"W+ 2o 0y 4y 6z= 2 is cut by the plane x+ 2/*
*1ts ceng y- o2 . o /7 units.
01 re at the point (2, 4, 5) and radius
rbe the radius of the circle _ 0, then
22 _p, lx+mytnET
Pro,,eth 21/ +z +2ux-f-:Zvy+2wz+d-'2 { ) 2
andfind at (r +d)(12 +m*+ nz) =(mw - nv)” + (= [C. H. 2005 ]

€ centre.

x+ y="2-

rcle
z+9=0.
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s SIQN
3(F+ fr ) 2 Jy- 4z- 22« 0. \\\S

9. (@) ()

2, 24 22)- 18x- 27y = 36z = 0.

2 ..
(b) s5(x+ Yy ¥
(c) 5 ('+ v+ Z’) - 44x - 38y - 14z- 48 = 0.

0.2+ Y+ A 6z-4=0. 15. (b) P{-2, -2, 7).
2y 4+ 2x + 26y - 34z+ 13=0,

1

16.([1) ({) 9(x2... y=-+z '
TR A A
)9 (£ + 4 28) - 10x4 20y = 20z-31=0;
5:; 10,10y 2 :nits
Gy 9)’,.3‘/-1_'Ile '
5.8. Intersection of a straight line and a sphere.,

Let the equations of the sphere and the straight line be
x4+ 1"2+-=2+ 2px+ 2fy + 2hz + d=10
and Xz _y=PB_ =Y |
! m n R (2)
Any point on the line (2) will have co-ordinates

—
[e—
_—

(o+lr, B+ mr, v+ nr).
If this point be also on the sphere, then we have
@+ 12+ B+ m)+ (y+ nr)’+ 2glo+ Ir)
: | + 2f(B+ mr)+ 2Fy+ nr)+ d=0
or, r¥1%+ m2+ n ¥+ 2{llo+ g+ m(B+ fy+ nl:+ h)}
+a’+ Bi+ v+ 2ga+ 2B+ 2hy+ d=0. ... O
This.equation, being a quadratic in 7, gives two values of r, which
shcgws tfzat the line intersects the sphere at two points. These two
points will be real and distinct, real and coincident or imaginaty
cording as the roots of the equation (3) are rcal and distinct real ané
cqual or imaginary.
It I, m, n be the actual direction cosines of the line, then the
values of r as given by (3), putting 1%+ m*+ n 2. 1, will give e

dist . .
ances of the points of intersection from the point (¢, B,y
line i¢ alt

r
)

theltfat:‘gee:;\'gnp:)tints of intersection be coincident, then the 2
o the sphere, the point of contact ef the tange?
i (a+ Ir, B+ mr, y+ nr). )
and 5 f';ﬁce‘:?tthline-be tjlrawn through A to intersect the Epn'elzcr;}’
% e quantity AP.AQ is called the power 0t A wit g

1
o
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e 5. In the present case, if A be the —

point \

R sp;‘zp AQ= produ:t of the roots of the equaﬁ()n("éé)ﬂ, Y}, then
" =+ B+ Y 2004 o 2hy + 4
constant independent of I, m, . ’

. h 05 @
“'h’Cthuat'iO“ of the tangent plane.
5

‘lﬁttheequat
I yz+ z %+ 28x+ 2fy+ 2z 4+ d= 0.

ion of the sphere be

e s (M
fuations of any straight liae through the point (a, ,v) are
_;-r_—_'__?_- 5 y-= B =t == Y.
T~ m @
e point (a, B, v) lies on the sphere, then
o+ Bi+ v i+ 2ga+ 2fB+ 2hy+ d=0. (3)
pny point on the line (2) is (a+ Ir, B+ mr, y+ nr).
This will lie on the sphere (1), if
h mi+ n2)rt+ 2(al+ Pm+ yn+ Ig+ mf+ nh)r
+ (0P + B+ ¥+ 250+ 2fp+ 2y + d)= 0
o (104 mien)ri+ 2al+ Bm+ yn+ g+ mf+ nh)r=0, ... (4

- by )
One root of this equation is zero, which shows that one of the
pints of intersection coincides with the point (a, B, Y)-
In order that the line (2) is a tangent line to (1) at (o, B,Y), H.\e
other point of intersection should also coincide. v-vifh (.a B y?, that is,
lbe other root of the equation should also vanish. This requires that

o+ g+ mB+ H+ nly+ W=0. ©

Now, (- g, - f, - k) being the co-ordinates of the cente o T

Sphere, (. + ). (B + f), (y+ h)are the direction ratios ° tthee cllireétion

g the centre and the point of contact while /, m, 1 are line (2) be a

Nmbers of thé Jine. The condition (5) implies that ifithe tln the point
lingent line to the sphere, then the line joining the centre to

o contact is perpendicular to the tangent line.

. .G 1
anThe tangent plane at (cu, B, y) is the locus of

T‘Lis Obtained by eliminating I, m, 7 ?i;‘:esgi:?)( a, B,y o th(()e
spher:h(e] equation of the tangent plalle ;) B+ N+ z- N+ h) =

) is (x- a)(a+ 9+ 7 [3+'hv)=0
" Hay O+ yB+ fH+ zy+ M) - (@+ B+ Y + gat+f

| such tangent li.nes
and the line.
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: Ong
or, x{o+g) +yB N+ + W) +go+fBrhy+dap, by o
or, xo+ yB+ 2¥ + glx + o)+ fly+ B)+ h(z + V+ de 0.
Cc;r. [f the equation of the sphere be x?4 y2y 22 i’

. r th
x—oa_¥=B _ Z=Y ill be a tangent line to the sphere, i en
[ - m ﬂ ‘“ /

oo+ mB+ny=0.

)

Furthermore, the equation of the tangent plane at (at, B.y)is

xa+ yB+ zy= a’.
Note. There does not exist any tangent to a sphere at points which
inside the sphere ; because, for inside point (a, £, y), the roots of the equ_aﬁonar:
are not real. (4

5.10. Condition of tangency of a plane.

Let the equation of the plane be Ix + my + nz = p )

which touches the sphere
x P+ y*+ z+ 2%+ 2fy+ 2hz+ d= Q| )

If the plane touches the sphere, then the length of the perpendiculyr

from the centre of the sphere to the plane will be equal to the radius
of ‘the sphere.

Now the centre of the sphere is at ( - £ += f,~ h) and the radius
is Vg?+ f2+ hi-d .

Hence the required condition is

< lg - mf- nh- P Now: 3 )
2 = + f°+ h*-d.
.' Vity m2+ n? & f

Squaring and rearranging, we get the condition of tangency as
Gl+ fm+ hn+ P)i= (I2+ mT+ a2) (g% + f2+ h2-d). .0

Let us now suppose that the plane Ix + my + nz= p is such that
the equation (3) holds.

Nt
Then we have gl + fin+ R+ p= 0. sk

; jons in
Let us now consider the following system of linear equatl
four variables Y,z b

X+ fy+ hz+ pt= ~d,
x+ 0y+ 0z- It = -
Ox+ y+ 0z mt= -
Vx+ Oy + z- nt= —h.
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d by the coefficients of the variables {g

| te na® oy 0 0
de B o Pl=8 -1 =1f h '
TR 10 -m| [10-m
0 1\..." 0 1 e

= —(gl+ fm+ In+ p)= 0, by (4).

of equations will have a unique solution and let

Hence'—"l""= =T & = e
This ShOW¥S that the equations
o it s Py+ Gt Wz gxt fur bt d=0

W+ my+ nZ-p= 0

weidentical. -

Fom this, we can conclude that under the condi

t‘\:f?}/‘r nz= p is a tangent plane to the given sp
necessary and sufficient condition for tangency.

Il The plane of contact of the tangent planes to a sphere.

P‘&EB; &;‘{ne containing the locus of the points-of contact of the tangent
“eswhich pass through a given outside point with respect toasphere

§
i Ii”saof contact of the tangent planes of the sphere.
tihe S? of a sphere, the locusisa circle.
given point be (o, f, y) and the sphere be
2
" x%b 2y 224 2gx 4 2fy+ 2z d=0.
Ksgeg th;(,y + Z) be a point on the sphere,so that the tangent plane
The r Ugh the point (o, B, ¥)- |
y +8ent Plane at the point (x, ¥, 2') o0 the sphere is
Thispassyey a4 g(xe ) flyr y)H BEH DT d=0.
y s
g, through the point (o, B, 1)
UV ARG gla+ X)+ f@+ y)+hO+=E
, y

&‘ Cog

tion (3) the plane
here. Thus (3) is

’)+ d= 0‘.
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ax + ﬁy_'_yz-{-g(x"‘ a)+f(y+ﬁ)+ h(2+ Y)+dr.0
This is the plane of contact of the tangent Planeg f
i « {
point (o, B; ¥)- My,

5.12. The polar plane of a point with respect tg , A

phe[e

The locus of the intersection of the tangent planes i ;
extremities of chords passing through a point to the ¢ Here i’}at the
the polar plane of the point with respect to the sphere, S Gally

Let the equation of the sphere be
x4+ y2+ z%4 2gx+ 2fy+ 2hz+ d= (|

. . . ol
Let (x/, ¥, =) be the point of intersection of the tangeny o ()
the extremities of the chord passing through the point s

(Cl., ﬁ/ Y).

The plane of contact of the’ tangents fr?m (x", Y, 2) to the Sphere
is ' +yy+ =+ glx+ X+ fly+ y)+ h(z'+ )+ d=( "

This plane passes through the point (a, , v).

Lax+ By 4y’ g(o+ XD+ B+ Y)+ hiy+ )4 d=y,

Thus the locus of the point (x/, v, 2') is

ax+ By+ yz+ glx+ o)+ f(y+ P)+ h(z+ y)+ d=0. ... ()

This is. the polar plane of the point (o, B, y) with respect b
the given sphere (1). |

The point (o, B, y) is called the pole of the plane (2) with respe
to the sphere (1). |

5.13. Pole of a plane with respect to a sphere.

To find the pole of the plane Ix + my + nz = p with respect to Hhe sphat

X+ yts = A 0

‘et (a, B, y) be the polé of the plane Ix+ my + nz=p- -+ el

The polar plane of the point (o, B, y) with respect 0 e 4
sphere is ax+ By + yz=a’.
Comparing (1) and (2), we get

2 n 2 an,
9‘..=_E_:L a .. a’l ,__‘_T_I_I.,Y=""
== = giving a= — = P

m n P {
| 2 2 .
Hznce the pole is at (L, ma i ]

— —

}) ,) p




;(

gRE s 1
a1

[,eﬂgm of the tangent to a sphere, o

of the sphere be

L,ll' ~tion
K [he Cquanol a 2 ~
2 LY +zo+ 252+ 2fy+ 2hz+ d= 0,
P T
C
Fig. 18

pT be the tangfe?lt linIQ to the sphere from the point
0 B.Y)- The centre of the sphere is at (- g, - f,~ k). Then the
P 7ic a nght angle. Hence

ncrIcTPC
“ie 1C*- CP?
s g BT e I ETe .
Length of the tangent PT
=Va2+ B2+ Y2+ 2g0 + ZfB-l- 2’1Y+d. o' e (1)
to the

a point with respect to a sphere is equal
f the tangent from the point to the sphere.

n or inside the
ositive,

Thus the power Of
quare Of tae length o
is outside, O
dical sign,in (1) is p

Note. The point T sphere according as the
zero or negative

xpression under the ra

| at a point.
at the point (x,+ Y17 z,) is the straight line
endicular to the tangent plane to the sphere

i5. Equation of the norma

The normal to a sphere
tough the point and perp

the point (x,, ¥yr Z))-
Let the equation of the sphere be (1)
Ly yfa 4 2% ny+2h2+dsu'

Its i
tangent plane at the point (x;+ Y1 z;) 1S

) + hz+ %
+ fy, * hz, + ¢
Jane ar¢

+d=0
ity + ozz + g(x A x)+ fly+ ¥ ) a0

o (x, 4 Dx+ ( mz+ 8%
y,+ Ny + (z, + )z |

The g ]
: dlre‘:‘ion ratios of the normal tO this P
(x, + £+ (y, + N (z, + h) .
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sof the normal t QNfl
Hence the equationso al to the sphere ) a |
(xyr Yoo =) AT the Poip

X=X Y=Y z=-z
= =

x1+g yl+f z1+’1.

Note. Since the tangent plane to a sphere at a pojny  be
the radius of the sphere through the point, this radius is the ndlc"‘art
‘sphere at the point. Thus the norm_al at the point P (x1, y1, ) lon& al g, lhz |
whose centre is C (- g, =f, —H) is the straight line Cp, € sph

5.16. Illustrative Examples.

Ex. 1. Find the equation. . of the tangent plane 1o .
ple yz+ 7%= 49 at. the point (6,-3,-2). Show fusilies Spher,
2x - 6y + 3z- 49 = O1satangent plane to the same sphere, Find the po""tOfConZ:::
The equation of the required tangent plane is '

|  6x- 3y- 2z=49.

The centre of the sphere is the origin (0, 0, 0). Hence the length of {he
perpendicular from the centre to the plane 2x - 6y + 3z- 49 05

- 49 .
A 3650 , that is, 7,

which is equal to the radius of the sphere.

N

Hence the given plane. touches the sphere x*+ y*+ z*= 49,

Equations of the straight line through the centre (0, 0,0) and perpendicul
to the plane 2x - 6y.+ 3z- 49 = 0 are

x_ Y

. -z
2 -6 3
Any point on this straight line is (2r, - 6r, 3r).
This point lies on the plane 2 - 6y + 3z- 49= 0, if
4r+ 36r+ 9r= 49
thatis, if r=1.

Hence the point of contact is (2,- 6,3). ol
. Fi ‘ oh hes the

. Ex. 22. Find the values of c for which the plane x +'Y 4-z= louc

x+y +Zz-2x-2y_zz_6_0.

. diu5 is
The centre of the sphere is at the point (1, 1, 1) and its rd

: m
Vi4 1+ 1+ 6=3. ofu\eP"m

) tance
The Pl,aﬂ{’-‘ will touch the sphere, if the perpendicular lii:e-
(1, 1, 1) from' the plane be equal to the radius of the sP
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fn° 1+ 1+ 1
(3-0"=27

of; ct- 6c- 18 = 0,

or’ves o= A1 v3).

hichgi . 4 the equation of the sphere, which: passes through

_ the points
f Fl1 0, 0,0, 1) and which touches the plane '
’g,ﬂ)f(o' ' 2x+ 2y- z= 15,
equatiO“ of the sphere be | 7
Lot thE eyt zi 28x+ 2fy+ 2hz+ d= Q. cee (1)
{ passes through the points (1,0,0), (0,1,0) and (0,0, 1), we have
psi

1+zg+d-0,1+7f+d-0andI+2}1+d§0, .
feelore g= f= b= =31+ d). @
ince the plane 2x+ 2y- z= 15 togches the sphere (1.), the c‘iista_qce of the
e (- §.- f+— ) from the plane is equal to its radius which is
' Vgi+ f*+ hi-d.
-2¢9-2f% h-15

Hetlee Vit 4+ 1

o, (g+ 2f-h+15)7=9(g*+ f*+ h'- d)

o, (g+5)*=3g-d, by (2

o, 2g%-8g-24=0

o (g- 65(g+ 2)= 0, giving g= 6 or - 2.
ThErefomg-f- h=6 or - 2.
Hence dm - 13 or 3.
Thus the equation of the sphere is
'+ yls 224 120+ 12y+ 12z- 13=0
x4 yz+ zl- 4x- 4y- 42+ 3= 0.
;EX‘Q‘ Ifa sphere touches the planes
%+ 3y~ 62+ 14m 0 and 2x+ 3y- 6z+ 42= 0

wentre lies ' 1 zm 0, y= 0, find the equation of the

e on the straight line 2+ y ; : C thging]

Yy to lStan‘ce between the two given parallel p[ar}es is 4. units whic !

Lty ¢ diameter of the sphere. Hence its radius is 2 umts e

hMu zCentre of the required spherebe (a, B, Y) - Since it lies on the straig

| l""‘0'3/"0.weha\.re s
20+ y=0,p=0.

-VZTr A hT-d

or

g if itg
sF‘lfre,
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' ON;
the distance of the centre (a,0,y) fr\

Now : al t2 the radi om.
2¢+ 3y- 6z+ 42= 0 must be equal t3.the radius of the Sphere, T"\heu Play
200 - 6y + 42 -2 1
| vi+ 9+ 36
or 20— 6y+ 42= 14
or, 2a - 6y= = 28.

From (1) and (2), we have a= = 2, y= 4 MR
Thus the equation of the requiréd sphere is
o+ 2)%+ y2+ (z-4)"= 4.

\/Ex. 5. Find the equation of the sphere touching the three co-ordinate F;lanes

Let the equation of the sphere be :

L+ g+ 2+ 2gx+ 2fy+ 2hz+ d= 0.
The centre of the sphere is (-g, - f, - h) and its radius is equal to
-\(gz+ f+h-d.

If the sphere touches the yz-plane, that is, x= 0, then the condition of

tangency gives
—g=Vg+ f+h-d
or, f+h=d

Similarly, applying the condition of tangency to the planes y= 0 and
z'= 0, we get respectively

W+ g°=d and g*+ f'=d.
Adding these three, we get
g+ f+rh= %d.

Therefore g*= f%= h’= %d- a* (say) .

Thus g=f=h= zxa

and the radius-\/gz+ f4 - d=a. Y
o ]
Hence the required equation of the sphere touching the co-ordinaté P

is X+ P+ 2 2axx 2ay x 2az + an0.

| Note. There can be an infinite number of such spheres ?E:F:ilc
value of a. For some particular value of a there may be €8 ' he Pt

. to the

x;/Ex. 6.25how that only one tangent plane oar. be' et

+ ¥+ 22— 2x4+ 6y+ 2z4 8= 0 through the straight line

3%~ 4y - 8= Om y- 3z+ 2. 96 ;
Find the equation of the plane. [T.H 1991; € Lt
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THE of the plane through the given straight line is of the forny
Thc equatlon }\.(Sx— 4_1/'_ 8) + i“'(y -3z+ 2)- 0’ .. (1)
.8 variable parameters and both of them are not simultaneous-
) an
.|1Ere
;;,zero. ton f the plane is | |
ghis ¢4 s+ (- 4N y- 3uz=8r-2u. L@
ane () will touch the givert sphere, if
a .
Theia(u- ) 3u+ Bh- 2T = N+ (- 4N (1494 1-8)
(2T = 3 (25K + 100° - Bhw)

JIh- W

ol 2
2 ~-52m=0.
o 2%\ + 261

: A 2 . .
This gives M- 2\t p? = 0, that is, (_l;_ 1) = 0, which gives only one

{ . A -
e Of —II

N
fore —= 1.
There "

Hence there is only one tangent plane, whose equation is
3x- 4y - 8+ (y— 3z+ 2)= 0, by (1)

or, x—y—Zl= 2

Note. In general, A will have two values, giving two tangent planes.

Examples V (B)

21- 2Find the equation of the tangent plane to the sphere

"+y°+ z*= 5 at the point (2,0,1). |

x’fl findzthe equation of the tangent plane to the sphere
¥+ 2%+ 4x— 2y + 6z— 32= 0 at the point (1,2,3).

3R
(x 3)§lnd the equation of the tangent plane to the sphere
Ty~ 12 (24 2)2=24atthepoint(-—1,3,0).

i ; | _
v }’.roxe that the plane 2x+ y- z= 12 touches the sphere

+
Y4 22 _ \
2 =24 and find its point of contact.

x!+y2+0w2 that the plane 2x- 2y + z+ 12=10 touches the sphere
ih*ﬁ, 2% 2 - 4y+ 2z- 3=0and find the point of contact.

(@) Fing
xi+y.2) Find the equations of the tangent planes 0 the sphere

W oa2 .

-9 which are parallel to the plane
x+ 2y- 2z+ 15=0:



(1) Find the equations of the tangent plafm

- h
x4+ yle 23 2x- 4y- 6z+ 2= 0 parallel to the Plane e sphere
x-y-z=0,

: ‘ [k
(o) Find the equatlons‘; of the t'anggnt planeg to't H.2007]
(- 3) 2+ (y+ 2) 2+ (z- 1) "= 25 which are Paralle] ¢, thee SPhere
dx+ 3z= 17, Plan,
7. Find the points .on the sphere x*+ yi+ 22

i - +
the tangent planes at which are‘parallel to the plape " yi.‘l ; 7w ¢
L ].

8. (a) Find the equations of the tangent Pplanes to the spher,
‘ e

x4 y2+ z24 6x- 2z + 1=0
which pass through the straight line 3 (16 - x) =2y + 30 = 3.
(b) Show that the quations of the tangent planes the sphe,
P+ yle 2%+ 2x- dy+ 6z- 7=0
which intersect in the straight line 6x - 3y - 23= 0= 3, 5
are2x- y+ 4z- 5=0 and 4x- 2y- z- 16= 0.
9. Fihd the equa’tions of the tangent planes to the sphere
x*+ y?+ z2- 10x+ 2y + 26z- 113= 0 which are parallel to
10. (a) Find the equation of the sphere with the centre at the point
(1,-1, 3) and touching the plane 2x+ y - 3z= 5.

: . X
straight lines

(b) Find the equation of the sphere which passes through the
points (1, 0, 0), (2, -3, 4), (4, 1, 0) and touches the plane

2¢+ 2y— z=11. -

11. (29) Show that the spheres x2+ y®+ z'=64 a“g
x*+ y24 222 12x4 4y - 6z + 48 = 0 touch each other internally "
find their point of contact. ,

2_ 100 and

(b) Show that the spheres x*+ y'+z xternally

,i2+ yi+ 2P 24x- 30y - 32z + 400 = 0 touch each other €
and find the point of contact. fane
12. (s) Determine the values of k for which thf’ P

X% Y+ z= h touches the sphere x* + y'+ 2= 48. o

. . ' z’
(b): Find the values of 4 for which the plane x+ Oy ¥
touches the sphere x.2+ y2~+ z2_ Dy — zy -2z~ 6=

5
5 _-nﬂfﬂﬂigg
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q Angle of intersection of two non-concentric spl e
1 ; : ! : 1eres.
j of intersection of two spheres is the angle b

l€ between the

e 4T8¢ heres at ti
< to the spheres at the common poi {
point. Since the radii of

Ten'Pan ,mmon poi
. 5
iar‘gs}’hc"cg o 'tlhu Lrl le bctwpolnt are normal to the correspondi
merﬂ | planes the ang > = een the spheres is the same a ponding
no:,vee" the radit drawn O the con:mon point > as the angle
b‘:t LY . A .. - .
o and 1, b€ the radii of the two spheres
2, a2 o ¥ ,
G=x ™ y+zF 2+ 2fiy + 2hz+ d =0,
2 2, - . s !
5= Xt Y + 2+ 283+ 2fiy+ 2hz+ d,= 0

e z= |
C, and sctively to
. and G, respectively to the common point 77

4. Let 0 be the angle oetween the radii at

distance C; €, =
triangle C,P'C,,
7'1 "'-+ r 2_ dz

dawn
ad let the
P50 that in the
2
2r 1.

~os 0 =

The two spheres will intersect only when 0 is real,

fatis, -1 cos0s 1,

o 2 2 2
hatis, —2r, 7, STt T2 T d*s 2r 1y,

. 4*, which implies 71+ 7
s lr-13 d.:

«ternaliy. On the
h other internally.

’ z .
hatis, 7,2+ 1"+ 2117 > d
which implic
s toucn each other ¢
h eac

=0 and SZ: 0 \Ni“

2, 2 g
e, = 2T d-,

Itr,+ r,= d, then the sphete

olhe : .
rhand, if | r, - r, | = 4, then the spheres touc

| =, . i
nparticular, if O = %n, thea the spneres 51

inlers
ect each other orthogorally.
2 dz

Thus, ; 1
s, if 0= I, then cos0=10 and rl2+ F, @

AT
Now , 2 )
1 =& + fl

: i ;132“ dl’
2 MEER:
2 =822+f22-'r hz“-‘dz . 5
d2= a 2 _h, + h) -
(Cl Cz - ("'X1+ g2)2+ ("fl I) + ( hl )
onal inte

ing

HEnc
Sﬂo»as d‘he condition for orthog
5= 0is 312*'.”12"' h1'2
= (—- b4 + 32

O
' ‘gg'u £ .
2+ 2 f, + Uy = A+ Ar
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loy
' .
5.18. Radical plane and radical line, \

Let the equations of two non-concentric sphepes S0
15
S,= 0be given by | Anq
G P L y2+ 2+ 2gx+ 2f iy + 2h =z + d =0

and SZ-x2+yz+ z.2+ 2g,% + 2[2y+ 2hz+ d,= 0.

Let P (o, B, y) be such a point that the power of p v,

ith
the spheres S, = 0 and 5, =0 are equal. FeSpect 1,

Thus o+ B>+ Y’ + 2g,00+ 2fiB+ 2hyy + d,
= o+ B2 + y2+.2g2(1.+ 2f2[5+ 2hy 4 4.
or, 2(g— 8o+ 2(fi- LB+ 2(h - h)y+ d-d,=0. 2
Hence the locus of P is the plane il
2@ - g)x+ 2(fi-fly+ 2(h - h)z+ d - d -9,

Thus the locus of a point in space such that the powers of the

point with respect to two spheres are same is a plane. This plane is
called the radical plane of the two spheres.

The radical planes of three spheres taken two at a time intersect
in a straight line which is called the radical line of the three spheres.

The radical centre 1s defined as the point of intersection of four
radical lines of four spheres taken three at a time.

It is clear that the direction ratios-of the straight line joining the
centres of the spheres 5, = 0 and S,= 0 are

(g, - &), (i-f), (b - h,).

But these are also the direction ratios of a normal to the radical

. e e . - icular 10
plane. Hence the straight line joining the centres is perpendicular
the radical plane.

_ of
Furthermore, if the two spheres touch each other externally !

i 5 thes . to
internally, then their radical plane is a common tarl_f.’,eﬂt plane
two spheres. .
. . ’ . . on ¢
For two Intersecting spheres, the circle of intersection lies
radical plane. ”
Note. In ion

ions 517 ¢
s general, if the coefficient of x* in the equation® ' s
2-

- : L theed
Obea; and a, respectively, then the radical plane1s given oY
aS; - aIS§, = 0.




Co-axiﬂl system of spheres, T

1% of spheres such that any twg of the

s called the co-axial system of heres m have the same

the equations of two spheres be
1et

Slﬂ IZ,+ y2+ zz+ Zglx+ Zfly'i' 2hlZ+ dl"" 0

-

5 - Lyt 2t 4+ 28.x + 2fy + 2h,z 4 d=0,

AS + uS,= 0, (2\"* —1) ,
m

gnd

Ther (1

res.
for, let S, + M5, = 0 and 5, + A.S, = 0 be any two members of the
stem (1) then their radical plane is

1+ A) (5, + AS)- 1+ ) (s'1 + M,S) =0,
patis, (= M) (5= 5)=0,
thatis, S,- S,=0,

where b and p are variables, represents a system of co-axial sphe

which is independent of the members of the system chosen.

The centre of the sphere belonging to a co-axial family is called a
limting point of the family, if the sphere has a zero radius.

0. Illustrative Examples.

Ex. 1. Find the: angle of intersection of the sphere
X'+ y2+ - 2x - 4y- 6z+ 10 = 0

wig; the sphere, the exiremities -of whose diameter are the points (1,2, -3)
an (SI 0, 1)

( E‘]Uation of a sphere, the extremities of whose diameter are the points
*4=3)and (5, 0, 1) is

(x~ D(x-5)+ y-2)(y-0)+ (z+ 3)(z-1=0

o
Y4 P bxm 2y 4 224 2= 0.

' .
C:S(lcentre Is Gy (3, 1, - 1) and radius is 71 = 3. .Cenlre
M‘heéz' 3) and its radius is r, = 2. Hence the distance
xfephems is C,Cy= d= V2T.
be the required angle of intersection, then
CosQu Nit ri-d 9+ 4-21 -

27’17‘; 2.3-2
The 3
?efore 0w cos"‘( %)’ that is, €os y

of the given sphere
between the centres

-

2,
3

Wi

8
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B Find the limiting points of the co-axial system of sphere,
“ind |

Ex. 2 N gy dx- 3y+ 6= U

LN y2+ 23~ 6y - 6z+ 6= 0.
. oauation of the co-axi
Tluz?‘;z_'_ 24 IX- 3y + 6 + l(x2+ _1/7'+ zt = 6y- 67 - 6) = ()
X
P+ ot A1+ N+ 3x- 3+ 6N y-6Az+ 6(1+ A=
— he sphere is at the point
( 3 3+ 6A ) 3N
{2 e N 2040 1A
I this be the limiling point of the system, then A will be s¢ chose
the radius of the sphere is zefo: Thgs )
9 +(3+ 6)9"‘+ N
4(1+2)° 4(1+ A (1+ A
or, g\ - 2A - 1= 0.

b

Sy

!
s b"j ”’v
t"l""t 1018

and al system of spheres is

or,
The centre of t

N lhy

6=20

This gives A= : or -7°
‘Hence the corresponding limiling points are
-1,21),(-21-".

Examples V(C)

1. Find the angle of intersection of the iwo spheres
Aty 4t bx - 2y 224 D=0
and. K4yt 2t - dy- 62— 11=0.
2. Prove that the sphere which cuts the two spheres S=0and
S = 0 at right angles, also cuts the sphere AS + nS5’ = O at right angles
3. Show that the spheres
Pyt - 20+ y- 3=+ 4=0
and ¥+ y*+ 2P~ 5x- 6y+ 2z-5=0
cut each other orthogonally.

4. Show that the equation of the sphere which touch
3x + 2}/: =+ 2= C at the point (1, -2, 1) and cuts orthog
sphere X+ y* 4+ 22~ 4x 4+ 6y+ 4= 0 is

X4y 4 224 7x4 10y~ 52+ 12= 0.

5. Show that the equation of the sphere, which cuts ©
each of the spheres '

~
£

2 2 - 2
xz+yz+z=14'xz+y~+ 2o 2= 1, XY
aNd 2+ Y 2Py 62m 9 is Py P4 2P + 5yt 3
lsx+y+z+13x .

es the P
onally ¥

rthos"““"y

2



143
o — B

hat the locus of a point, whose pPowers with respect to
herce are in a constant ratio (=1),is

ven SP a sphere’ co-axial
¢ given spheres.

e tWO _
chow that the equations of any tw.
7.

twd spheres can be put in the
2.2+ d= 0, x2+ v+

2+ 2ux+ d =,
(UL

(e the line of centres as the x-axis and the radica] Plane as the yz-plane.]
ax .
US chow that the spheres, which cut two

drel2,all pass through two fixed points.
" () Two spheres of radii 4 and r, cut orthogonally. Prove that
9. -

given spheres along a

: : nr
- ir common circle is —=2 |
us of their co
pe nZ +r,2

(b) If two spheres intersect orthogonally, then show that the
entre of each is an outside point of the other. [ K.H.1997]

10. Find the radical iine of the spheres
X4y 204 29+ 224 2= 0,
oyt 24 dxt dz+ 4= 0,
X+ y'+ 2+ x+ 6y— dz— 2= 0.

11. Find, if possible, the radical centre of the four spheres, whose
equations are

X+ y2+ 2t =1,

2%+ y2+ z> - 10x= 0,
X+ oy P+ G6z+ 4= 0,
X + y2+ 2 - 4y - 12= 0.

12. Find the limiting points of the co-axial system of spheres given
Y the €quations

@ v+ 224 dx— 2+ 2z+ 6=10
il xz+y2+ 22+ 2x — 4y — 2z + 6= 0.

Answers
1 1 Z 41 . 11 __-:_-.’_)
+ Cog 113 x_ y-1 =z 11. (__,__—, 2
20 10. 2 5 3 i0 4
2 (-2, 1 _q,



QUADRIC SURFA(y,
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6.1. Quadric surface.

A surface defined in space by any equation of 'lhc o]
, = is called a quadric surface or simply a quadric. It is alsq knowe
main characteristic property of such a surface jg |
two points. a4

inx Yy,
as a conicoid. The \
a straight line cuts it in
ce of revolution is a surface generated by revolving , lane
ht linc in the planc of the curve. The plane Curve i-
he given line is called the gxis of reVOlutio"S

A surfa
curve or a straig
called the generatrix and t

A sphere is a surface which is generated by revolving a circle aboyt

a straight line which is the diameter of the circle.

The most general equation of the second degree in x, Y,z
- by2+ =ty 2fy=+ 2g=x+ 2hxy + 2ux+ 2oy + 2wz + d=
contains nine constants -llr £, [, ;{,,_’1, s%2,4, (a= 0). For

(14 a a a a a a a a
different values of these constants, this equation represents different
types of surfaces, such as cone,- cylinder, ellipsoid, hyperboloid,

paraboloid, etc. Sphere is a special type of ellipsoid.
We shall study these surfaces one by one.

A. The Cone

6.2. Definitions.

A cone is a surface generated by a straight line which always passes
through a fixed point called the vertex and intersects a given curve
called the guiding curve ; the moving straight line is called the generaior
of the cone. If the cone be such that its generator makes a constant
angle with a fixed straight line through the vertex, then it is called @
right circular cone. The fixed straight line is the axs of the cone an
the constant angle is its semi-vertical angle.

6.3. Cone with its vertex at the origin.

LL;;-us assume that the general equation of second degree
2 |
ax’ + by’ + cz* 4 2fyz +\2gzx + 2hxy + 2ux + 2vy+ 2wz + 4=

)

represe .
presents a cone passing through the origin O.




f, E

ol GURFACES
Bl —

.) be a point on the cone, then every point on Op
one, which is d

e
('\" ' cthe €

I f; ator Of tl
i x _ ¥ _ =,

—
— —3

X1 Y1 1

. on the cone (1)- Thus, for all values of 7, (1x, Yy, rz;) must

yur

.Sr k
il S, 2y by, 2 kipczs 24 2fy,z, + 2gz.x ¥ 2hxy,)

+ 2r(ux, + vy, + w2+ d=0

n identity, sO that

qust be 2 |
i by, gl 2fyz, + 2gzx + 2hxy, = 0, DA )
|
ur t O wz, =0 i 3)
d=0. 5t (4)

and
Now, if u, v, @ be not all zero, then (3) shows that the co-ordinates

of the point P (X, Y1+ ) which lies on a cone satisfy an equation of
e first degree showing that the surface is a plane. But this is not
possible. Hence u= v= w= 0 and by (4), d=10.

Thus the equation of the cone becomes a homogencous equation of
lhe second degree, which is of the form

ax®+ Dif + cz®+ 2fyz + 2gzx + 2hxy =0, R )
where’ A=|a h g|=0.
b b f
g f ¢

COnverse[y, every homogeneous equation of the second degree represents
f e e,
@ne with its vertex at the origin.

Fthe homogeneous equation of the second degree

1 ax’ 4 by*+ cz?+ 2fyz + 2gzx + Zliky= 0, A=0
aisfied py any point P (x1, ¥i, 1) then for all values of 7, the

Pojnt .
he gegx“ i, rz;) also satisfies the above equation. But thessfsz
the g ¢ral co-ordinates of a point on the straight line OP, O unE:
he gz Then every point on OP lies on the above surface. Hence

. rated

€ Stra | h ’
by Str:ilg}l\“ line OP lies entirely on it. Thus the surface is gene .
i I : - . e

ertey ig tlines through the origin and as such 1t15 @ cone whos

§ at the Orig{n,

AT, TS e P N

—
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!
N : ()
v Cor. If I, m, n be the direction rat.nos of the gencrato, op 7/
through the origin O, then the equations of Op 4y, pasﬂing | )
2. =, ‘.’ ‘
I m n 1
If any point (x', ¥', ._..f) on OP satisfies the equation of "
fx,y, 9=0, then obviously f(I, m, n)= 0, since |, i, 4 ale,c(,nu it
satisfy the equation. 50 iy y
On the other hand, if the direction cosines of a variable g |
line passing through the origin be connectetl by the hOmo';emlght i
relation f(I, m, n)= 0, then it generates a cone with Vértel; :tQQUS I
origin and whose equation is f(x, y, z)= 0. the

Note. The equation (5) of the cone conlains five arbitrar
hence it can be made to satisfy five conditions ; for e
made lo pass through any five concurrent lines.

Y conslantg ang
xample, the cone gap, be

6.4. Condition for the general equation of the second.de

gree |
to represent a cone.

The most general equation of the second degree in x, Y, z i

ax’+ byz-+ czt+ 2fy=+ 2g=x+ 2hxy + 2ux + 20y + 2w=+d= |,
¥

_ Let us assume that this cquation represents a cone with its vertex
at the point (o, f, y). Shifting the origin to the point (a, B, y) the

above equatidn transforms to

a(x+ o)+ b(y+ B)*+ c(z+ y) 2+ 2f(y+ PHz+ Y
+2¢(z+ y) (x+ a)+ 2h(x+ a)(y+ B)
+2u(x+ o)+ 20(y+ B+ 2w(z+ y)+d=0.

This, when simplified, becomes

s by®+ cz+ 2fyz+ 2gex+ Dby + 2x(act B+ g1
2y (ho+ b+ fy+ v)+ 2z(go+ fB+ort w)
+aa’+ b2+ oy 4 2By + 2gya + 2haf

+ 2ua + 20B + 2wy + d= 0.
Now this equation represents a cone with its vertex

at the orig"

| equation 4

Hence this should be a homogeneous second degrée e
%, y and =z. | : (1
Therefore aq, + h+ gy+ u=0, (Z;
ho + bB+fy+ v= 0, _ o ¢

S+ fB+cy+ w=0




BExP
5URFA CES 1_41
e
au}\p oot 2fpy + 2870+ 2haf + 2uc+ 20B + 2wy 4+ d'= ()
z,(bﬁ* g+ )+ B (ho+ b+ fy+ v)

1P
;ﬂd. d(ﬂ"” +Y(Sa+m'+ oy + w)+ uo+ vf} + wy+ d= 0,
yo+ OB+ WY d=‘0, ee (4

0 (2 (’3).' o Bt from the equations (1), (2), (3) and (4), we get
bf g mi“a“ngc “ndition for the general equation of the second degree
ot 2 cone 38

10 rep = 0.

=
8 a-og
g ow

(@ B = ]

g
u

s condition holds good, the co-ordinates of the vertex

When ! lobtained by solving any three of the equations (1) to (4).

(o y) are

(5 General equation-of a cone containing the axes.

The general equation of the cone with the vertex at the origin is
g b+ o+ yz+ 2gzx+ 2hxy =0, where A= 0.

The straight line % = *:i = —z— lies on it, if

al*+ bm*+ cn*+ 2fmn+ 2gnl+ 2him= 0.

If it passes through the axes whose_ direction cosines are

1,0,0), ©, 1, 0), (0, 0, 1), then these should satisfy the equa-
ton. Hence a= b= ¢= 0.

Thus the equation of the cone through the axes is ,
fyz+ gzx+ hxy= 0. (1)

It .
uCan now easily be shown that the cone (1) can be made to pass
g another set of rectangular axes through the same origin.

Let the direct: '
¢ direction ratios of the second set of axes be
bom, ng; 1, my, n,;l, my, n,.

If th .
:ehcone. (1) contains the first two of these straight lines,
o , .
N fran, + gnl, + hlm =0 PR
and g
fmpmn, + gnl, + hl,m, = 0. R )]
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Now, since the new set of axes are, rectangular
; .

r We have
t
tions of the type e Te|

Al
O
=

mn, + nyn, + myn, = 0,

king use of these th

ding (2) and (3) and making ree rel
o r,:\d)r ;,i1(+ hlyn, = 0, which shows that the cone (])aat;
hg third line of the second set of axes.

=

6.6. Equation of the cone with the origin as vertey and g g5, |

curve as base. Blvey |?
Let the guiding curve be flx, )=0, z=¢..
Let the straight line through the origin be {

£ ¥_=Z, |
I m n SRR L
This meets the plane.z= ¢, where = = L_£,
I m n
The p'oint on the plane z= ¢, is thus‘~ L‘E,' Lty c)_ ‘ 4
n o n :
This lies on the curve f(x, y)= 0, z= c.

Therefore f e, mey 0
n n
Eliminating I, m, n by (1), we have
f —’ = =0,

which is the equation of the cone, w1th the vertex at the origin.

If, in general, the vertex of the cone be at the point (a, B, v), ther
the straight line through (o, B, y)is

o_y-B_z-7y. gt
! m n
This meets the plane z = c, where—;l—— y=B. -—’1
m

The point on the plane z= ¢ is thus
{a_'_ I(C\;Yl, [3+ M; C}.
1

This paint lies on the curve flx, y)= 0, z= ¢
Therefore f Jq + Lﬂ B + m(c— 1))

e 8
Ellmmatmg l, m n by (2), we get the equation of the con

o ey b @(c-ﬂ}, ,

Z-y zi=Y

-
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:oht circular cone

tion .

circular cone,the generator makes a congt

i

ant angle with

mﬂ rlgf the COHC-

¢ O N > - ,'-.
. I8 P at the ver tex
(l-) 0“5 thC cone bC ":£ = ‘l = E and thQ R ]
he aXis of IS W fi semi-vertical angle
£
el ), cbe the direction ratios of a generator of the cone. So the
Lc[ i, Ui 5 i -
o gonerator are —= %+ = —- _
uali““s of this & a b ¢ « M3 (1)
: ihs generator makes an angle 0 with the axis whose direction
fe? v om, 1. ‘
qlios arc 4, T
al + bm + cn

fore COs 0= 3 il 3 1.2 2
Therefor ViEs m+ n® Nat+ P+ &

o 2 2 gl s
r (Hz+ P+ (F+ m+ 7)) cos 0= (al + bm +.cn)*.
or; . ) N : .
This is a homogeneous cquation of second degree in 4, b, ¢,which
¢ the direction ratios of the generator of the cone.

Eiminating «, b, ¢ from (1), we get the equation of the cone as
; 2
(B ni+ PP E Y+ 2%) cos’ 0= (Ix+ my+ nz) .
I(fi) Vertex is at a point other than the origin.
Let (cr, b, y) be the vertex, 0 be the semi-vertical angle and the
#is of the cone be the straight line

X- o Y- 3'__:—
I~ m n
1 . Jo—_- - % et
| Let the straight line St H_[__L = =— e (7.1)
ol ) ¢ )

gy rle bctwccn-'
cne . ', ' » constant anglc
benerator of the cone. Then,0 being the 3‘ -

¢ ad
XIS and the generator, we have

€08 ) = al + bm + cn
J .
VE+ m s Vit r

Or, (ul+ bm + Cﬁ) 2 _ (12 + m?. + ”2 )(1124' l;z'{' ‘;3) cos “O_- (2) s

n ha | ga cb ( i f the
S‘.I ‘ 1 2 » ¥ : 'quatmn 0
C as . r E b, ctween ( ) and ( ), wC g(_t the :

I C el
{\(2,:‘ D+ m(y - B)+ nz- Y’

g 2
MR Y R S CE DA y)'} cos”0-
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COI’. lf lr m

n be the direction cosines of a generatoy

origin, =

, : of
.axis as the axis and 0 as the "L‘m:h Cp,

. ’ $ ‘ l|1c
with verteX 2 570, Ve
nne )
nele, then 3 2 2
angtt ‘ "2, c0S 0 (F+ m+ ") ’
Thcrcf()ﬁ- ) 20
or 2
H' co the equation of the cone is 2" + y* = 2" tan?g,
ente
. by a plane throu
¢, Intersection of a cone yap gh the Vertey,

mn of a cone having the vertex at the

Let the cqua‘ ""xln :
oy e e by e 2y g Uiy = 0,800
()

. + wz== V.
and the plane be ux+ vy + )
The lines of section are the two generators,

of the lines in which the plane cuts the cone be

Xx_y_ =,

[ m 1

Let one

Since this line lies on (2) as well as on (1), we have
ul + vim+ wn= 10 e )
and @l *+ bm*+ cn*+ 2fmn + 2gnl + 2him = 0. e (8
Eliminating n from (3) and (4), we have

ul + vm
w

+ 2hlm=10"

al*+ bmt+ ¢ (ﬂ%) - 2:(fm+ g .

or, I* (cu 2% - 2¢wu) + 2Im (o * + cuv - fou - gow)

+m* o+ v’ = 2fow) = 0, .
; Dividing both sides by m ¥ this becomes a quadratic equation in
+, and this will give two values of this ratio corresponding to the b
lines of intersection,

s
lf,now {1, m,, n)and (I, m,, n,) be the direction ratios of

Ly ; »
vo lines, then the equation (5) must be identical with

[ i )
m m, m ni,
. : (o)

l'mlmz - Im (l|m: + lz"'l) + m 2’.12 = ().

that i,
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e

| = 2
7_ Zﬁ’w cu”+ aw’” - 2gwu
+ .
0 Im,+ Lm,

= _2(hw?+ cuv - fwu- gUW) 1) k (say).
V(’;mz’ lzm|)2= (l-lm2+ ’3ml) > 411’2mlm2
No‘ = 4k* (hw + cuv - fwu - ng)2
- 4k (b + cvl- quw) (cu’+ aw’- 2gwu)
- 4kt - 2hw’ (fu+ go)+ w 2 (fu+ gv)°
+ 2chuvw?® - 2cuvw (fu + gv) + c l(’v !
_ 4k *{abw* - 2w 3 (afo + bgu) + w(beu®+ cabz)
~ 2cutw (fu+ go) + c’uv’+ Afgquvw %} |
ik (Au’+ Bv?+ Cw?+ 2Fvw + 2Gwu + ZHuv)}
-t "P’,
dere A, B, C F G, H are the respective co-factors'of 4, b, ¢, f g, h in
ihe determinant :

a h g

h'b f

g f ¢
andp2=[¢hgu.
h b f v
g f c w
u v w 0

Wy mmetry, we can now write the values of -
nn,, (mmn,- mmn,) and (nll - 1, 11)
husll + mm,+ nn,
=k{(bw + cp? 2fuw)+ (cu + aw pt Zgwu)
" o -+ (av + bu’- Zhuv)}
t g h(wie ud)rclu’t v?) - 2o - 280

{(a+b+ QW+ vi+ w?)~- F ¥ w)}-

= 2hvk

R

L]

Urhe _
rmor-e'-z-(mlnz-‘mznj)z" 4k2P2(u + 'U + w )
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Hence, if 0 be the angle between'the lines of intcrsecﬁ
oOn

cos O B sin 0 s they
I, + mm,+ nn T
12 My + Hylly {z(m"z-mznl)zlz
cos 0 .
or, sin 0

it bt Qi+ v+ w- Fu, v, w) \r_
( 2P (u + v +w )
Cor. 1. The plane (2) cuts the cone (1) in perpendlcular

if cos0=0, thatis, if (@a+ b+ ) (u’+ v2+ w?- F(u, o ge)nergtors
Cor. 2. The plane cuts the cone in two coincident bt .
IS, if

sin®= 0, that is, if P= 0,
that is, if Au + Bv®+ Cw’+ 2Fow + 2Gwu + 2Huw = 0,

Note. If the angle between the two generators be zero, then the twg

erators coincide'and the plane becomes a tangent plane to the cone, o

6.9. Condition for three mutually perpendicular generators,

- Let the equation of the cone be
F(x, y, 2= ax®+ by’ + =" + 2fyz + 2g=x+ 2hay=.0, A= 0. ... ()

{f the cone has three mutually perpendicular generators, we can
choose these as the axes of co-ordinates. Then the equation takes the
form

lyx+ Mzx+ Nxy=0. [CLArt.65] ... @

Since the sum of the coefficients of x*, y* and z 2is an invariant
with respect to change of axes and that is zero in (2), hence the sami
quantity in (1) must be zero. Thus the necessary condition for a <"
to have three mutually perpendicular generators is

a+b+c=0.

s of $¢8
Conversely, if a+ b+ c= 0, then there are infinite number ¢

of three mutually perpendicular generators.

nlhe

If we take any generator as>the axis of x, then any PO]ff cient ¥
stralght line y=0, z= 0 is on the surface. Thus ! the €0°

?is zero and the transformed cquation is of the form " K]

b'y + c'z +2fy::+23:x+2hxy=0
and ‘by the invariants, b'+ ¢'= ¢+ b+ c= 0"
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N U= '15
W X
mn of (3) by the plane x= 0 js
Nowt b!.yz__l_cfzz_{_zf!yz: ;
o5 WO straight lines, perpendicular to gne another, since

’ !
lhi.Ch gw b + ¢ = 0 :
ver, these two perpendicular gereratogs
ore™ " -axis.
lv:ar to the new % s .
@ " e condition a+ b+ c= 0 ensures the sufficiency of the ex-

h::sof ihree perpendicular generators.
nc

e new axis of x can be chosen arbitrarily, the cone will
e sets of mutually perpendicular generators.

are each perpen-

ste
ave infint

Note. The condition a + b+ c= 0 may also be obtained in the following

wa);-;le condition that the plane ux+ vy + wz= 0 should cut the cone
. 2= 0 in perp_endlcular gen:erators is
@+ b+ )+ v+ w?)= F (4, v, w). e (A)
Now, if the normal to the plane lies on the cone, we have
F (1, v, w)= 0. e (B)

The condition (A), by virtue of (B), becomes a+ b+ c¢= 0.

In this case;the cone has three mutually perpendicular generators, namely,
ihe normal to the plane and the two perpendicular lines in which the plane
culs the cone.

610, Ilustrative Examples.

.')* Ex. 1. Find the equation of the right circular cone which contains three positive
w-ordinate axes.

Here the axis of the cone makes equal angles with the co-ordinate axes.
fherefore the semi-vertical angle of the cone is

a1
cos” =
The €quations of the axis are x = y = z.
A f(x, Y z) be any point an the eone, then the respective direction ratios of
he gene

falor through the point (x, y, z) and the axis are x, ¥, Z and 1, 1, 1.

The angl . 1
e be : -1_-_ .
g tween them is cos’ 73

ThEFGE(')re d . X+ Y+ z
v3 \/x2+'y2+ 22 V1*+ 12+,12
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9 2 2 . 2 :
Hence x*+y’+z'=(x+y+ 2% lhatis, Y+ yz+ 2xm ()

This is the equation of the cone.

.Ex 2. Find the equation of the cone whose vertex is the ori

. gin and poe,
. 5 2+ zz- bz- ase's”]e
circle x=a, y

Show that the section of the cone oy a plane parallel to XOY plane i b ’1yp )
. €7boly,

The equation y 2y z'm b ?is made homogencous with the help of the ¢

is, = qua.
tion of the plane x= a, that is, == 1.

.2 2 2(X)2

The result is y “+ z“= b p
2 2 2_ 2
or, aly’+ zY)= b’

This is the required equation of the cone.

Putting z = ¢, we get the section of the plane parallel to X0y Plane 35
. ‘

p2.2_ 22 2
bx"-a%y"=a’c,

which is a hypérbola.
Ex. 3.'Find the equation of the cone whose vertex is the point (1, 2, 3) ang
guiding curve is the circle x*+ y2+ 2= 9, x+ y+z=1. '
Any generator of the cone through the point (1, 2, 3) is
x-1 y-2 z-3 x+y+z-‘6. '
[ m n l+ m+ n o (D
It meets the plane x+ y+ z= 1.

Therefore x—lty‘—2=z-3,= -5 .
1 m n [+ m+ n
Hence x=1- 51 m+ n-4l’
I+ m+n I+ m+ n
y=2- Sm _ 214 21 - Sm’
I+ m+n 1+ m+ n
z= 3 5n 3+ 3m - 2n

I+ men [+ m+ n

If this point lies on the sphere x* + y2+ z*= 9, then

O+ m— a4 21+ 21~ 3m)*+ 31+ 3m- 2n)"
= 9(I+ m+ n).

g L m, u between (1) and (2), we get the required ¢

o

s of
Eliminaltin quatloﬂ
the cone as y
g Y ) + 7= )
('/"' Z- 4x - ]),z+('?z+ 2% - 3!/‘_ 2)£+(3x+ 3_'/"' 2z - 3)2- 9(1"" Y

Simpl'rrving, we gel the resull.

1

~

=%
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QU | __ation of the cone whose vertex is the origin and 10l
ind the €q® ction of the plane Lx + my + i and which passes

i interse nz= pynd il
gx 4,/,3 ent? of . F te stiface
| !

rhlf’"

ax*+ by + 2= 1,

| a homogeneous equalion of the second degree in

. \ . %y z
We knoW one with verlex at the origin. &
Loni3 .
D.Prt',uf‘ l cquation of the plane Ix + my+ nz=p, we have
1e |
]’r“ml : Ix+ my+ nz
| : =1. . )
P TR O

24 I+ cz= 1 homogencous in x dorrd
, making @ + by +c mogeneous in x, y, z of degree two
( .

1w 5c!

2
Ix + my+ nz)'

2y I+ o=
ax* + by _ 5

.- pomogencous cquation represents a cone, because it is satisfied by'
e les of any point which satisfy the equations of the: plane and the

This is the required equation of the cone.

Ex. 5 ‘Find the equattons of the straight tines in which the plane
% ; z 0 cuts the cone 4x’ - '+ 372w 0. Find also the angle between them.
py=-z=

Eliminating z between the two equations, we get

ax’ - '+ 3(2x + y):= 0

or, 163+ 12xy + 2y°= 0.
. .
Solving, E‘- - £ or =4
. yo

' ing these values for %, we have
From the equation of the plane by putting these ‘ v '

. 1
2.0 or 3
. v 2 Ay =
Thus we have two sets of values of the ratio x : ¥ : 2 given by
xiy:z= -1 -2 :0 Qr -1:»4:2.
Thus the equations of the two lines of seclion are

X _Y¥Y_z X ¥z
0 be the angle between these two straight lines, then
- cos 0= l_+__§_‘*_'_Q .

vi105




156 ADVANCED ANALYTICAL GEOMETRY OF THRgy D"MENsxo
Ng

X r E el / .
Ex. 6. (a) The p.’mw ; + 'If + p = 1 meets the co-ordinate fxes at A

’ BI' C, Fi"d

the equation of the cone generated by the straight lines. draton froms i
n
circle ABC. B et th,

(b) Find the locus of poim‘s. from z.uhich three mutually PC’P’;JL';x di:;,, ’nrﬁ:f.?o.o‘gl
lines can be drawn to intersect a given curcle. strajghy
(a) The plane meets the axes al A(q, 0, 0), B(Q' b, 0) and C@, o0, ).
The equation of the sphere through O, A, B, C is
P+ '+ 20 - ax-by- cz=0.
Therefore the equalions of the circle are given by the equalions
X, Y, 21
"+b+c )
and o+ v+ 2= ax-by- cz= 0, 0

The required equation is obtained by making (2) homogencous Oflngrcu
lwo in x, y, z with the help of (1) and is thus _

2 2. .2 X, ¥y, z
Y+ z2°= (ax+-by + cz + <4+ =
x4y ( y+ez)| o+ o+

b, c, a,b
or, yz(q.+ b)+ z.x(ﬂ+ C]+ xy(b_+ ,1) 0.

(b) Let the equation of the given circle be x*+ y2= a2, ;2 0,

- - - | \
The straight line = ] 3. - b= : L meets the plane z= 0 at the'point

(an— YI’ fn - ym 0)

n n

If this point lies on the given circle, then
2 2
L= )y |

2
n n

: i _ e
Hence- the locus of the lines drawn from the point (o, f, y) to inlertc
the given circle is the cone whose equation is '

talz= = y(x-a)} 2+ {pz- 1) - y(y- M) =a’@- Y
o (@z= )%+ (B2~ yy)’= a?(z- y)2 .
This cone will have three mutually perpendicular generators, if

@+ 49+ B2+ 4= a

1
]

- 1y perpet
_ Hence the locus of the point (a, f, y) from which three mutually perF
dicular lines can be drawn to inlersect the given circle is
2 2 2 2
X'+ y'4 2z%m a”, il

a set of fliree it

jons
ind the equati®

19981

Ex. 7. If the straight line %- .%_ % represents one of
tors of the cone Syz - 8zx- 3xy= 0, then

[B. H.1990; N. B. H.1993:%

perpendicular generq
of the other two,
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Am — =

Therefore m oo
(1)

Y oz
y doscribes the cone flI% == 0 and he :
y OP de % nece the ditectjqy
Filicg

Agait
of OP will catisfy this cqualion. Thus

fm n
=== 0.
o
O and OQ being pcrpcndicular to cach other,
pl+ qm+ n=0.

(3

( n
Therefore ptq }17 M s 0, from (1).
wop_ 4.
Hence I =T, pr

0
m n .
Putting these values of—, from (1) and 7 from (3) in equation (2), we hay,

fﬂ' _E.__q_?: =0
\rtororr)

Thus the line OQ with direction ratios p, ¢, r generales the cone

e

Examples VI(A)

1. The axis of a right circular cone with vertex at the origin makes
cqual angles with the co-ordinate axes and the cone passes through
the line drawn from the origin with direction cosines proportional 1
; (1, -2, 2). Show that the equation of the conc is

k3 4>+ P+ )+ 9y + yz+ =x)= 0.

¥ 2. (a) Find the equation of the right circular cone whose vertex®
N the origin, axis is the x-axis and semi-vertical angle is 60°.

(b) Find the equation of the right circular cone whqsev‘;:tﬂ
is the origin, axis is the z-axis and which passes through the PO
(3r 4, - 6)‘. \ﬁll’tﬁi‘c
(c) Show that the equation of the right circu]a: cone ' B
vertex is the origin and semi-vertical angle 18
rn YT E is x4+ v+ 2= 4(xy + y=z + =X) -
3. Show that the semi-vertical angle of the ri

) . -‘-é.
4(x*+ y*)-9z%=0is tan 3

ne

ght circular ©




{ (ﬂ) whose . - : ertex is th
H .. ¢ — = = —4a '_ .
in 0 axis 83527 4 nd semi-vertica| angle is 450 :
L x_ Y _Z ) _ |

(1) axis 1557 _ 1 2 and Semi-vertical angle is g°

¢ Find the equation of the right circular cone which passes throu‘gh

(L, 1, 2), has its vertex at the origin and has the line X _y_z
1[)0 27" 4 3
s axiS- [B.H.1997]

1 find the equation of the right circular cone with

i ' . . .
5 vertex at the point (1, =2, -1), semi-vertical angle 60° and axis
(i) x—]_l/+2_z+1;

3 -4 5
-~ vertex at the point (3, 2, 1), semi-vertical angle 30° and axis
i x-3_y-2_=z=-1
-1 4 3

6. (s) Show that the equation @ the corie whose vertex is the origin -
\d.wh'ich passes through the curve of intersection of

()4t - Syt- 7= =2, 3x- 2y+ 4= = 3 isz‘
9(4x* - 5y* - 7=") = 203x - 2y+ 4=
\ 242 2 _ 2.
() A+ By*=1, == C is CHAx + By)= <"
- 3z+4=0is
(ii}) 3x* + 6yz— 6y + D= + 7=0, 2x+ Y- 9% g

| _32)+ 72x+ y- 3=
1634 + 6yz) + 4(6y — 522+ Y 3z)+ 7(2x+ Y

x Y¥,%2-0and
Z4 4t
() A variable plane is parall_el to the plane a.ib e

circle ABC lies
eets the axes in A, B, C rcspectively . Prove that, the

a b\ =0
lnthec0ne (.ll_*_ _g)yz+ (E+ E):xq- (—I;+ a)?fr!/

[ the paraliel plane be—z+%+ == o

4B 55 x4 y 4 z%= k(ax+ by +. cz) . Then ehmlnate '
; e vertex

g ©) Find the equation of the cone whos

“hich contains the curve given by b, 0 -1)
xi- y?4 4ax=0, %% y;é‘;thsevertexiS;(lf ’15 :
. . [0 ; 7=

N‘g)ish‘)w that the equation 0{ the ¢ p=4, x+Y?t
(x Passes through the circié \(x

"Dy 1P+2x 27
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2
L 36+ Y BT

2-
2. (a) 35 ¥ ) zz)=2(3x+2y+4z)’.

2 ¥ ,
4.(a)(i)§.97(7§x:+yyz+zz)‘Z(Zx—y+ 3z)”.
(i) 7(*

2+z

vy zz)=(2x+4y+sz) '_ z :
(b) 24(x i 25{(x-1)2+ (y+2)"+(z+ 1)2}.

_1a)t= 3 {(x-3)7 (y=2) 7+ (2=,

° (C)b(x— x_ Y _z
=0 8 - = =
7 i+ 2yt Z _7xy—5yz+6zx 3" 4" 5
zZ x 1
. x ¥ E. pEaLaE itz
10.(a)—1‘=1="; ()3 -2 - 2 -1 -5

11. (b) 9x+10y+8z = 0. 14. €Qs

15. (a) (1) L+ Y= 2. (@) (z- )+ (z- y)z= 16(z - 1)°.
(i) 4= 4y’= 3(z= 2" () 23x- 2+ 3(3y - 22)’= (z- 3)*

(v) 5x%+ 3y2+ z2- 6yz - 4zx - 2xy + 6x+ 8y + 10z- 26= 0.

(vi) a(az - yx) >+ 2h(az - yx)(Bz - yy) + b(Bz - yy) >+ 2g{ozt yx)(z- V)

2
© Bx-z)+By-22)*=25z-3). + 2f(Bz - yy)z— ¥+ c(z- y)“=0.

d) 35y+5z-7x) +24z-3y)* =6(y+z-7).
18. (x- 1)*= 4(y*+ 2 ; (1, 0, 0).

f-_L-_Z_;_i_“E-:_Z_.
22.2 -3 4 -11 7

B. The cylinder

6.11. Definitions.

_ ht
. A cylinder is a surface generated by the mOV.e“!?“t’O'f b St;a:g a
line which passes through a fixed curve and remains paral® e
fixed straight line. The fixed curve is called the guiding c472¢ . eca""d
straight line is called the axis and the moving straight 1in 3
the generator of the cylinder.
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QUADBIC | .
. alg0 obtained when the moving line
ger s a ing line touches a given

C:
inder may be regarded as a cone having the vertex atinfinity

be a circle and the axis be perpendicular to the

o) curve
he cylinder s called a right circulur cylinder.

centre, then t
a cylinder.

0 Equation of
' o of the cylinder be fly, y)=0, == Oand let

Lot the guid'mg EUE . :
A bcncrator be parallel to the straight linc
e § '
x_Y¥_=.
[ m n

) be a point on the cylinder, so that the equations of

et/ Y1 =
- x y-y _z-=.

oonerator are —7
fhe genera ] - ”

Il

~' 4+ nr) lies on the curve

The point (x' + Ir, y + mr,
flx . y)=0, == 0.

Hence 2+ nr= 0, that is, r=- %

Therefore f(x' + I, ¥' + mr) = 0= f'(x, ) %' y - —"-%)

3 y o e ’
is the locus of (', Y= ) and i$ thus

The equation of the cylinder
LA

Iz
f(x_ n’y— 1

3 I"_Pa"ticular, if the given curve be
Quation of the cylinder i
2

l:z mz\ _ 1
ajx- -"1‘ + bly- ",'1" =
0
" a(nx - Iz)* + b(1y - mz)’ = "

nder.

ot + by’ = 1,z=0/ then the

t circular cyli
and let the 2

raight linc

(1)

613
+ Equation of a righ
be the st

Le ) . i
tthe cylinder be of radius 7 Xl

x—adu— E:__ z - [
[ / m n
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C—

- : » eylinder, The
' =') be any point on the cy . N the ¢
Let (', ¥'y =)

. ¢ . * uar'
he perpendicular distance of this point from the straight (i, (l)(i:f
the pc \

v e [ )+ my'- By 4+ n(='~ y)1
(- )+ (y'= B)+ S { ﬁ\L} |

Ng

3 2 3
F+ m*+ g

T ‘. y', =) will be the right circular indop :
he locus of (¥, y', =) l_” g,l- ‘ cyli e i
distance be equal to 7, the radius of the cylinder.

is

Hence the equation of the right circular cylinder js
¢

'1(.\'— (1)+ '"(y‘ ﬁ)+ ”(E;.:i'_)} :~_- ;.-’.

(x- o)+ (y- B+ G- 0 {

VP mt+ "
Cor. The cquation of the right circular cylinde

£-= l = :lis
1l m n

r whose axis 2

(ny - viz)* + (I= - nx)2 + (mx - ly.)2 = 1‘2(13 + m 4+ i) .

6.14.  Illustrative Exam\ples.

Ex. 1. I'ind Hie equation of the cylinder, whose generators are paralle] o ),
1 p4 .y . 2 - k)
xl =5=3 and whose guiding curve is x* + Yy=9,z=1,

3

straight line

[ K. 11.1986 |

Let (x', ', 2') be a point on the curve 4% + ¥'=9,z=1. Now  the equa-

' . : y oz , ‘

tion of the straight line parallel to the line -il- = ‘éz 3 passing through the
point (x', y', ') l‘b g X . 2=z,

-1 2 3

This straight line cuts the curve x*+ Y'=9,z=1

x-x 1-z o2 =1
at T7 "3 o, x=x'+ 3
y-y 1=z , A2 -1)

Subslituling the
we gel the locys as

/
z- 1\2 ' - 2
(H?) *{y'- A== 1) 1}'-9

. ! g z') Cum'm'
se for x, y in x*+ y= 9 and making (x', ¥+

3

ﬁi Br+z- 17y (3, 2z + 2)*= 81 76= 0
’ 022 4 9_']2-;" 522 4 ol 12yz - 6x + 12y - 10z- £ stb’m‘l's
Ex. 2. Fiyg the equatio,, ,

nd
f i ' nder of radius 3 and !
is =1 y_ o 22 of the right circular cylinder of raai
2, " Tt |
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P
) : f the axis :;1r 2 =36 . o
ion COSlneSO > d € 7' TI ';' ¥

w th of the Pel'l’e“di‘:;‘la"r zrom a point (x, y, 2) to the axis is
| Tllcle?)gz+ (y* 2)2“' (z- 3)° - {7(x- 1)- %(_1/- 2) + g(z; 3)}2
(x he equation of the cylinder is

(  Find ”',e' equation of the cylinder whose generating line is parallel to the
v d the guiding S L
9 mr 2 2

e X+ y=z,x+y+z=1.

B, V) be a point on the curve.

1, p?=y and @+ p+y=1. A ()
) be any point on the cylinder, then the straight line joining the
50, B yand (x, ¥/ z) is parallel to the z-axis whose direction cosines
520 1, 1. The ‘equations are

x-a y-B_z-7, e wn
) 0 0 1 that is, x= a, y=f.
qubstituting these in (1), we get X+ =y, xty+y=1.
Himinating Y, we get the equation of the cylinder as

e+ i+ x+y=1.

b.d. Find the equation of the cylinder generated by straight lines parallel to
bezaxis and passing through the curve of intersection of the plane '
Ix+ my+ nz=p (1)

(ot (@7
Then @

* | ndthe surface ax® + byz 4oz ar] Lk - 12184 (2)

Himinating z between-(1) and (2), we get the equation

ot + byz+c(w)2=1_ (3

n

ight lines parallel

htT e equation (3) represents a cylinder generaled by stra lel
f a point which

‘“is{ey Z-axis: Moreover, it is satisfied by the co-ordinates O

oy ;?Uahons (1) and (2) together. Hence the cylinder given !ay--(3.) passes

¥ eg cy[li‘s ; urve of intersection of (1)and (2). Thus (3) is the requised equation
er. :

Examples VI(B)

1. S 3 < <
:wh()s:(’a":' that the equation of the right circular cylm.der f)fnr:ilil‘;z
b 3, (,)ls ' Passes through the point 1,23 and has directio

1S
%ﬁ*4%f 2 ‘ 280
+ 1322 4+ 36yz - A=z + 12xy - 42x = 22 :
_ 126z+ 294=0-
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2. (a) Show that the equation of the right circular cylin

guiding curve is the circle through the points (1,0, 0), (0, 1, ) an‘:,(‘ghns,e
is x?+yt 42 myz- 2o xy =1 (K. H. o1
(b) Show that the equation of the circular cylinder whege Biig: ]

lng

. . : 2 2 _ e : 2 2 2
circleis x> +y?+2z7 =9, x-y+z= 3,15 X" +y" +z XY +yzo g

3. A cylinder has for its guiding curve the ellipse 4x2 rylaq, :
. . . x ’ =
and its generating line is parallel to the straight line 5= :T =';-. Show

that the equation of the cylinder is
36x* +9y”> +172z° +6yz —48zx-9=0.
4. Find the equation of the right circular cylinder,whose axis js

(i %: —y—z =_§ and radius equal to 2 ;

and radius equal to V5 ;

K

= IR
I

e whke
]

W

(121) 1= 0" iz and radius equal to 7 ;

- (i) =z-axis and radius equal to 1 ;
(v) the straight line which passes through the point (1, 3, 4) and
has 1, (-2), 3 asits direction ratios and radius equalto 3. [ C. H. 1982 ]

5. Find the equation of the cylinder, whose generators are parallel to

x z
the straight line 5 'g‘ =5 and which passes through the conic

z=0, 3x*+7y* =12.

6. Find the equation of the cylinder generated by straightlines parallel
x
o 1 % = __izl the guiding curve being the conic.x =0, y? = 6z.

rallel

7. Find the equation of the cylinder,whose generators are pd the

to the straight line - 3x= 6y = 2z and whose guiding curve i
ellipse 2x*+ v*= 1/, 2= 0.

t 8. Fincll the equation of the cylinder,whose generators ar e
O the straight line 2:x = y = 3z and which passes through the €
y=0, 2+ 2*=6. s
‘ : inte
9. Obtain the equation of the cylinder, whose generators 1M

. ‘ tralf
plane curve ax’+ by*= 1, z= 0 and are Para”e' to the 3
line zh"l = E

e ¥

the
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equation of the cylinder, whose generators intersect
L ==10 and are parallel to the straight li’ne

os 1, (1), 1.

i . v
w Jriable point such that its distance from the xy-plane is

1. oqual 0 one-fourth the square of its distance from the y-axis
L ocus of Pis 2 cylinder. (B.H.1990]
find the equation of the cylinder generated by straight

axis and passing through the curve of intersec-

el to the Z-
jane 3x+2y—Z=0 and the surface 52 -2y +72 =1

o) Find the equation of the cylinder, whose generators are
e x-axis and which passes through the curve of intersec-
—3y+z= 2 and the surface 3y’ - 522 = 10x.

ation of the cylindcr,whosc generators arc parallcl

13. Find the equ
of intersection of

o the y-axis and which passes through the curve
feplane x+ ¥+ == 4 and the surface Syt = 4.

4. Show that the equation of

passes through the point (3, -

-1 y+3 z-2 . .
e ~—1-— gs its axis, 1S

the right circular cylindcr,which
1, 1) and has the straight linc

T -1

ity Syt 4 524 dxy+ 2y= - AT 16x + 22y - 10== 18-

15, Show that the equation of the cylinder,whose generators are

parallel to the straight line —315-_- —% _ = and whose guiding curve is

the ellipse 2+ Zyz.-_ 1, == 3,is
+24=0.

+ 6x- 24y - 18=
ators are parallel

linder whose gener
s for its guiding

3x* + 6y° + 3% 4 Byz - 22X

16. Find the equation of the €y

lo lhe Straight lﬁne _l: = H_:,;_ Ej—;‘—l— and Wthh hil
= 2.

- 3 5 -
¢ the hyperbola 3x* - 4y*=5, =
Answers

4, (i) 8x* 4 5y1+ 522+ Axy+ Byz - 4zx = 16 .
(i) 49(2 4 yP 4 22~ 5) = (2X¥ Sy 62)" .
(ifi) 5(x* + i Ao 49) = (X~ 22)" .
(i) % + fut,
(v) 13%4 10434+ 52 + 4xy \2yz - 62~ 14x-112y"707-*189 - 8.
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5. 3(5x- 2z)*+ 7(5y - 3z)%= 300.

6. (y- 5x)°= 6(z + 2x)
7. 23x+ 22)°+ (Y - z)'=9.
8. 9(2x- y)*+ 403z~ y)?= 216.
9. a(nx- Iz)"+ b{ny - mz)t= n*.
10. 9(x - z)*+ 3(y + 2)?=1.
12. (2) 5x2-2*+7(3x +2y-5)°=1.
(b) 3y?-522-15y +5z-10=0.
13. X+ 22+ xz- 4x- 4z+ 6 = 0.
16. 48x* - 64y* - 732* - 160yz + 722x -~ 144x + 320y + 292z - 372 = 0,

C. Central conticoids

6.15, Eilips_oids.
Let us cohsider. the surface given by the equation

xz I'a

b2

in which 4, b, ¢ are real numbch, none of them being zero. The surface
given by (1) is called an ellipsoid, the equation being in its canonical

'z‘z‘lf PR )

form. .
C B
- _-—"'._B —
: -
A yA X
Y [
Fig. 19
() Let Pla, B..y) be a point on the. clllpsmd (1), so that
e | LI
-¢+Jb—_ XE= 1,

,_.A”ﬂ?‘zmﬁ ;

2



\
FACES LT 1
) 71

| g:_.&);(-ﬁ)a('_zyf:]’

( utaS 2 1.2
P b ;

o, - B, -y alsolies o
f - 5y metric with respec{ t.o the origin. Hence alllfc(l-gllg: 1:)9;
4 passing through the origin, are bisected at the origin which
s of the ellipsoid. | j
5!
verify that if the point P(o., B, Y) lies on (l), then

nt ) — y) also lies on it. Now the middle point of PP’
te P 0) which lies on the xy-plane, that is, the plane z= 0. Fur-

.t line joining P and P is perpendicular to this
| with respect to the xy-plane
ne and zx-plane. These planes
nd the intersection of
lled -the principal axes

1S symmetrica

plane: Thu ,

and'Sim“arly with respect t0 the y=-pla
cipal planes of tl\e'ellipsoid a

taken in pairs are d

the co-ordinate axes.

(iii) The surface is symmetrical with respect to the x-axis which
« clear from the fact that the equation remains unchanged on changing
by, 2 to (x, — Y7 ) . Simiilarly, the surface i symmetrical with
rspect to - and z-axes.

-
— B
et

ace (1) in poi'nt,s

The z-axis (x=0,¥~ 0) meets the surf po
0,0, ¢)and (0, 0/ = ¢) such that the intercepts o the z-axis 15 2¢c.
: re 2a and 2b respectively-

Similarly the intercepts on x-and y-axes a
g e called the Jengths of the

These intercepts on the co-ordi .
wes. 2a is the length of the major axis/ 2b is the length of the mean
: - ifa>b> ¢ In this cases

?;\‘is and 2c is the length of the minor axis,
eellipsoid is referred to a5 triaxial.

,mlf any two of them be equal, then _
Ou.tm"' If o= b, then z-axis is the axis of revolution
o= b< c, then the ellipsoid 15 called a prolate spheroid

n oblate spher oid-

phere-

then from (1
¢ 2 rust

oncluded that x

Ifa<
a= b> ¢, then it is called a

Ifae
2= b= ¢, then the elli_psoid jsas$
“we se€ that

(lv) If x be i . na
¢ g2 numerically greater tha .. negative

. . 2
so that eithery” ©
e it 15:€

pt . i _
2|1s a negative quantity

tis, 2s
(€ el
ther y or z is imaginary: Henc

t

cannot

e ——— ——e— _,
N
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be numerically greater than 4, or in other words, the g
tween the two parallel planes x= a and x= - 4,
Similarly,it lies between the parallel planes
y=b,y=-band z=c, z= - ¢,
Thus the ellipsoid is a closed surface.
Fv) tlzle s;ghon of éhe ilzh_ps;ld (1) by the plane z = f p,q o
equatlon;;f e 1- 2=z z=k.

This section is an ellipse, if ¢ > k*, that is,

2 : 2
axesa\/l_—-k—2 andel—%-
C (]

If k> c, then the section is not real ; hence k> cis an im
since the ellipsoid is a closed surface.

If k= c or - c, then the semi-axes of the ellipse are zero and we
say that the section reduces to the point (0, 0,.¢) or (0, 0, - o).
Ve B

Urface lie be

- c< k< ¢ with sem;.

possibility,

2
If k= 0, then the section is the ellipse —z—z + yb—z =1,

For different values of k ranging fromO0 to c,we obtain different
ellipses haying their centres lying upon the z-axis and their sizes con-
;mually diminish. Some condition occurs as k changes from 0 to

- ¢).
Similarly, the section by planes parallel to the planes

x=k and y= k are also ellipses. Hence an ellipsoid is generated by ¢
variable ellipse. '

6.16.  Hyperboloids.
(a) Hyperboloid of one sheet,

Let us consider the surface given by the equation

ATy e
c
In which 4, b, ¢ are real, none being equal to zero. The st

by (1) is called a }, S Sulpigs
erboloid .equation is
Canonical form, yperboloid of one sheet, the equ

et
rface give
id to e

. ul
o . . ‘Calaw
(:? As in the case of an ellipsoid, the surface is symmetr

the o'l.-lg'in, which is the centre of the surface. e farto the“'l'
The (i) The co-ordinate planes bisect all chords Perpencha‘l : }“e!ﬁca
‘hese-are then the Principal .planes. The surface is also Y
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Fig. 20

rcepts 2a and 2b on the co-ordinate

(iii) The surface makes inte
does not meet the surface in.

ses of x and 'y whereas the axis of z

i | ral points.

(i) The section by the planez = k , which is parallel to the x_y-piané,

isa ellipse given by

” 2 iy 12
— * ‘L2= 1+ —5rz=k,
i a b* c B

#hose centre lies: on the z-axis and whose semi-axes are

) ‘ 2
av.1+E2rbV,l+-k—.;-
C

c

Askincreases, the size of the ellipse increases indefinitely, the centre .

*mainG
'zln a_"}:“g_ always on the s-axis. Similarly, the section by the plane
i will behave in the same manner, being .al"ways on the other

Side of the xy-plane.
d]  Agai . .
:-m zx.plga.mj the section by the planes x-= kory= k parallel to yz- Ot
! N ne ig each a ’hyperbola_ . ;

¢ "0te. The equations

|
I

|

i 12_‘ zz ) ‘2 2 zz )
o at 52+7-1a“d‘;'%+¥§+“5'1
J| Ore S RN R
fﬂ Prese“t h ! . R ] 3 _ .
yperboloids of one sheet, the axis of the former being the

Yaxig
Whil .
, ® the axis of the latter is the_x-axis.
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(v H yperboloid of two sheels.
Let us consider the surface given by the equation

% z

S ﬁz - 5=1,

[,12 b C “ e, (])
where a, b, ¢ are real, none of them.being zero. The syrface given b
the equation (1) is called a hyperbolozd of two sheets, the equation being

in canonical form.

Fig. 21

(i) The surface is symmetrical about the origin, which is the centre
of the surface.

(if) The co-ordinate planes bisect all chords perpendicular to them
so that the surface is symmetrical about the co-ordinate planes which
are its principal planes and their lines of intersection taken in pairs
are the principal axes.

(i) The surface makes an intercept 2a on the x-axis while the y-
and z-axes do not meet the surface in real points. | '

(iv) The section by the plane x= k, parallel to yz-plane is the
ellipse given by

[

kz
=X 1. x=k.
a2 x

The centres of these ellipses lie on the x-axis. If k be numerically
greater than g, then these ellipses will be real and they will increasé
in size with increase in k beyond a. If k be numerically less th_a“g
then the ellipses are imaginary and hence the hyperboloid of two shee
will have no point between the planes x= @ and x= -4

(v) The section by the plane y=k or = kisa hyperbola

+

S
QNI R

E R 2o R
az-cz=1+-b—2,y=k or a_z_%‘l'*?'z'k'

Note. The equations

Py
2 2 2
- — — b 4 z
FASTe z'la“d"i"'lf'z'*"‘i"l
a C

also represent hyperboloids of two sheels.
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gy
%uation of a central conicoid.

G aesof e";pg,oids,.hy.perboloids of one sheet or hy perbgloids

Thesurcts have three principal planes, three principal axes and a
X o § 1 hence these are called central quadrics or central conicoids,
e a:ﬁon of the above surfaces may be put as-

u
the ¢4 al+ by’ + ¢z = 1.

ihe case of an ellipsoid, all of 4, b, c are positive while in the
of 2 hyperboloid of one sheet,two are positive and in the case
“":: hvpe‘boloid of two sheets, only one is positive.
0

Consider NOW the general equation of the second degree in the

form
a+ by’ + c2?+ 2ux+ 2oy + 2wz+ d=0. ... (1)

Thié equation can be put in the form
a(x+;)+ (y+ b) +c(z+ C) T

. u v w
Putting x + a=X,y+ p = Y, z+ C—Z

vZ. wZ

id =4 2y d=k, we h

Ay bya €52 R )
kg + Y +22%=1, (2)

Which represents a central conicoid with principal axes
Y=0=2,Z=0=X,X=0=Y.

T e :
d rerefore the equation (1) represents a central conicoid,whose prin-
Pl axes are

y+2=0~ w w . u u 0 +2.
b =Z+ —, z4 —=0=x+—rx+—=U=Y b
c c a a

PrinCipal ] u v w 0
panes are 'x + ';= O, y+ -l-"s 0, z+ "E"' .

The

12-

c0-0r H . u v
dinates of the centre are (-;' v T

S
fﬁ.é}t"

125
5
4
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6.18. Illustrative Examples.

Ex.1. Find the nature of the quadric surface given by the equation
x4 Syt+ 3z - 4x+ 0y- 6z= 5.

The given equation can be written as
2Ax - 1%+ Sy + 2)'+ 3z~ 1)% = 30
_ 2 2 (o _ 1)2
SN ¢ 3 V A A" S =) R
’ 15 6 10
Shifting the origin to the point (1, - 2, 1), the equation reduces to
l XZ YZ : Zz
+ + -
W5 (v6) (VI0)
It }is an ellipsoid with t}’te centre aF the new origin and the semi-axes are
Vvi5, V6, V10 . Hence the given equation represents an ellipsoid whose centre

is at (1, - 2, 1), the principal axes being parallel to the co-ordinate axes.
The principal planes are x=1,'y= - 2, z= 1.

1.

Ex. 2. Obtain the equation of the ellipsoid whose centre is at the point
(- 3, 2, - 1) and whose principal axes are parallel to the co-ordinate axes, the
lengths of axes being 1, 2, 3 respectively.

Referred to the set of rectangular axes through the point (- 3, 2, - 1),
the equation of the ellipsoid is
x Y Z

'(_%')T"';E""(%—)z"]'

Hence the required equation is  4(x+ 3)*+ (y - 2)*+ 39(2- + 1)2"1

Examples VI (C)

1. Show that the locus of a point,the sum of whose distances from
the points (¢,0,0) and (-4a,0,0) is a constant.is the ellipsoid ©
revolution.

2. Show that the equation of the ell'ipsbid. which has‘the'ﬂ;)(;
axis of length 12 units along the. x-axis and meets the ¥- and 2
the points (0, 3, 0) and (0, O, 2),is.xz+' 4yr+ 9z’ = 36 ;

= ) es 4
3. Show that the equation of the ellipsoid referred tO the a::v of

i.ts ptjincipal axes and the centre as the origin.‘and Whi,, o pO
Its vertices at (+ 1, 0,0) and passes _through the two I

(315 1) ana (o,;, \/%') o a4 2y 2ede
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S .
Wﬂw he equation P+ 4y - 92 = |
| that the © ~ 92" = 36 represents the hy-
', o whose centre is the origin and whose semiaSZs

Sho f ne sh Et
Fglbomldo , pri nc1pal planes being *=0, y=0,z=10.
b tion 3 4y + 52°
 that ¢ the equati 2 - 4y* + 52+ 60 = 0 represents the
5h0 wo sheets whose centre is the origin and whose semi-

of tW
H)pefbowld Ji5, 2V3, the principal planes being

x=0, y=0,z=0.

how that the surface represented by the locus of a point the
whose  distances from the points

f o
d@,3. 1 is 6, will be a hyperboloid of two sheets.

'fferef‘ce

7.(2) Show that the pla
1

2

ne x-2=10 intersects the ellipsoid

‘I iy == in an cllipse.

tnt e

=\

f
(b) Show that the hyperboloid 0

u

L L2

ine shect " 18 +t 5

3 Show that the arca enclosed by the curve in which the plane
2 2

ihcuts the ellip50id 5—; - ) + ==1 IS
a )

2

% Show that the equation of t

E::tses through the point 1,11 and if 1t h
10"2"2‘“4y-1:s,zx+4y—5,_—1 |
= 1i ects
the plané* = 1inters€

00,
1 Show that the value of k, for thCh . A
yP'?rbolond of two sheets X 2+ y _zi4id®

(')anellipse,isl< |k|<r:

() a hyperbola, is | ¥ | < 1.
faq

-
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D. Paraboloids N

6.19. The elliptic paraboloid.

Let us:consider the surface represented by the equation

2 y_ 2
AN

(1)

ANZ
A B
l '
l. I
1‘ !
\ /
o X2
,Y
Fig. 22

(@) The section of (1) by a plane parallel to z= 0 is given by
= s = . - « e, 2
L=k 0

This is an ellipse whose centre is at the point (0, 0, k), if only kbe
positive. The ellipse increases in size with increase in k. Thus the whole

surface (1) is generated by ellipses like (2) with centres on the =-axs
as k varies.

) If a point P (x, y, =) lies on (1), then the point Q(= Zarg
must also lie on it. The middle point of PQ whose co-ordmad‘i'cular
(0, z) lies on'the y=-plane. Also the stra ight line PQ is Perpef"(l) per
to the plane x = 0. Hence the plane x = 0 bisects all chords 0 is sy
Pendicular to it. Thys the surface given by the equation ® |
metrical with respect to the y=-plane. |

ith
etriCal wit

I , : m
Slmllarly,lt €an be shown that the surface (1) is sym al plané

respect to the zx-plane, These two planes are the princip
the elliptic Paraboloid (1).




179

o
( g2 ive, then the * sections_(2) are imaginary, Thus, z
g face (1) always lies on the positive side

kB Cdiive, the S e
0wy g . Again since k may be any large positive quantity,
ive side of z= 0 may extend up to infinity.

ane parallel to x= 0 is given by

ghe set°

/ 1 2z k L P

Lz - — = '—‘2‘ ! X =

b c a

. 2, K\, Lk
-— = | — 2 =
ol y c 2a
: 2
his reprcg,ents a parabola whose latus rectum 1S y which is con-
s are of same size. The vertex of the

qant showing that the section

ck? o )
parabola.i -—‘) which lies on the parabola

g at the pOint kl 0 ’ Zaz

= ——’-y: 0

x> 2z
& c

ection of (1) by the plane y = 0.

hat the whole surface may be

nd is the s
formed by pushing the

Thus we sce t

2 o
= i)

y . x=0

cular to its plane, 50 that the vertex

hkwards and forwards perpendi
Sides on the parabola

Similarly, we can show that sections of the surface by planes parallel
ishing the parabola

Oy« p
¥= 0 are parabolas which can be obtained by pus

‘kwa )
"ds and forwards, while the vertex slides on the parabola

1 2
2 20 L.o0.

y = rAY)

| c

With

d] ; the . I

M g cOnsiderations, the Fig. 22 rep
oid,

resents the surface of an-
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6.20. The hyperbolic paraboloid.

he surface represented by the equation

Fig. 23

(a) The section of (1) by a plane parallel to the plane z= 0 js
given by

) 2

] e
a~ b c

These are hyperbolas with centre lying on the axis of z. The
asymptotes of the hypcr’bolas are parallel to the straight lirf®s

X vy
-——-:Aq—:O’ =0.
a b “

These are the sections of the given surface by the plane z= 0.

Furthermore, if k be positive, then the transverse axis of the hﬁ;
perbola (2) is the x-axis ; on the other hand, if k be negative, thent
transverse axis is parallel to the y-axis.

: ¢s
(b) As in the case of an elliptic paraboloid, the co-ordinate planes

incipa
x=0, y= 0 are the planes of symmetry and are thus the princlp
planes.

(c) The section of (1) by a plane parallel to x= 0 is given by
yo_ 2= kK

N c-?’x=k.
These are parabolas. 0 is giver by
Similarly, the section of (1) by a plane parallet to ¥ =
x? 2z k?
PRI
These are also parabolas.

'y= k.
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Genef“l equation of paraboloids. |
10 :
Mconcid” ihe general equation of the paraboloids
a'x2+-by2= 2cz .

b be both positive, then this re .
a ant ‘ presents an ellipti
“boloi 4;on the other hand,.lf a and b be of opposite signs lti::\
P;i;a reprfse“ts a .hyperbohc paraboloid. !

fhis - . .-

interesting to .ob-serve that the elliptic paraboloid is the
rm of the ellipsoid’or of hyperboloid of two sheets and the

. itingf . . _ags ]
fim oolic parabolmd is the limiting form of the hyperboloid of one

cheet.
The equation of tl21 ) y
£y, 22

g3 piiet e

e ellipsoid with the point (- 2, 0, 0) as origin

i
: _ 2
Now let a, b, € all become infinite, while Qa—' €_ remain finite
ind equal to | and m respectively. Then, in the limit, equation of the

dlipsoid reduces to- 2

+ = 2x,

~I%

2
m

which is the equation of the elliptic parabOIOid-

In 2 similar way, the other cases can be proved.

622 Tllustrative Examples.
Ex. 1. Find the nature_ of the conicoid
3 - 2 - 12x= 129~ 6z=0-
The given equation can be written as
3x-2)- Ay+ 3)2= 6(
o E-Z_Z)f UL
3

_ 3, 1),the equati

z-1)

Shif to
hmlng the origin to the point (2 on requee?
xX* v*

2~ 3 7
is . . e rinCiPa‘ Pla“e,s
f a hyperbolic parabolo! avt\;‘o‘: rc:t'p;r P g a hyperbohc

pal’aboand Y- 0 3
loj Hence the given equ 3= 0.
'd with the principal planes ¥~ 2= 0 and ¥* .

It




182 ADVANCED ANALYTICAL GEOMETRY OF THREE DIME

' : tex, focus and the |
: d the co-ordinates of the vertex X e length of
xtfr: :f. lhf';ﬁncipal sections of the paraboloid given by the equation = i
.

£ ¥ 2z
ARSI

; emains unchanged when (x, y, 2) are
(- I?; ,ic)iuoiht(;n(: (=Y, Therefore the surface is Sym)metric whlau? f:sdpeo
to the yz- and xz-planes. Hence x = 0 and y = 0 are the two Principal oh n:
of the paraboloid.
The section of the surface by the plane x= 0 is given by

2 2
’. 22, pu0,that is, = %—z, x= 0.
c

2
For this section, vertex is the origin, focus is at the point (0,0 ,1’2—0) and the

2
length of the latus rectum is =

Also the section of the surface by the plane y = 0 is given by
2 2
x 2 . 2 2[(
= y= 0, that is, x — z,y=0.
. 2
For this section, vertex is the origin, focus is at the point (0, 0,%) and the

2
length of the latus rectum is %— .

Examples VI (D)
1. Show that the equation
2x%+ 3y® - 8x+ 6y - 122+ 11= 0
represents an elliptic paraboloid.

2. Show that the equations
2x = ae®®, y = be® cosh®, z = ce®sinh .
represent a hyperbolic paraboloid. [C.H. 1993]f
3. Show that the vertex, focus and the length of the latus rectum 0

the principal sections of the paraboloid 4x?* - 9}/2 = 36z are
(0,0,0),(0,0,-1), 4; (0, 0, 0), (0,0,2),9-
4. Show that the vertex and the focus of the princip
the paraboloid x? + 2y2 = 4z are
(0,0,0), (0,0, 1); (0, 0, 0), 0, 0, 7).

5. Show that the plane y + 6 =0 intersects the hyP

2 2
paraboloid _x__ Y .
5 4

erbolic

6z in a parabola.
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9.1. Ruled surfaces.

We have seen carlier that cones and cylinders are surfaces,which
rated by the movement of a straight line. Surfaces, which are .

d by the moving straight lines,are called ruled surfaces. Thus,

f a ruled surface,straight lines can be drawn

hrough every point 0

which lie entirely on the surface. These straight lines are called
gerating lines of generators. In the case of a cone the generating lines
pass through a fixed point and intersect a given curve, while in the case
of a cyl'mder,thc generating lines are all parallel to a fixed line and

ntersect a given curve:

ire gene
gener‘ate

aight line can be drawn such
then the surface is called a

If through every poi
d the generators OF generating

that it always lies wholly on
niled surface and {he straight 1ines ar

lines of the surface:
] hyperboloids of one sheet and
We shall scé 4 d by the movement of straight

h}'perbolic parabo

lines and hence ar¢ r
ce in which the

e (i) 2 developable SUT ‘ :

A rul_ed surfacet.ma{;nes _( rsect, OF (if) a skew surface 0 which
consecutive generd ing ™ "o not intersect- The cone 1S an example
o ; linder But the hyperboloid of

the consecutive gene
f les of skew

of ple surface & .
a develop? s hyperbOhC

one sheet an
Jrameter, a given

surfaces.
variable real p 1
If, for different Va_lu nt pers of a family f)f straight lines,
differe g surface cOrresp’ondmg to the given
will be obtained by

: S
equation represer’ ru

then the equat10ﬂ X
: lines a the e
system - Stra:/ga};;abl Paraﬂ‘eter from
e

eliminating_
of straight lines-

quatioh of the family
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9.2. An important theorem.

Ifa straight line meets a conicoid in three points, then the straight Ijy, lies
wholly on the conicoid.’
Let three points of the straight line

xX-0_ y-B_z-Y_

= r (say),

1 i " (say)
lie on the conicoid f(x, ¥, 2) = 0, . Lo ()
thatis, floo+Ir, B+ r, y+nr)= 0. Q)

Since the equation (1) is of second degreé in x, y, z, so also wil] be
the equation (2) in .
Létitbe  Ar’+Br+C=0. RE)

Since three points of the straight line lie on the conicoid, we haye
three values of r satisfying (2) and as such it should be an identity,
giving A= B=C= 0. |

In this case, (3) is satisfied by all values of 7, so that the straight line,
which meets the conicoid in three points wholly lies on the surface.

9.3. Condition for a straight line to be a generator of a given
conicoid. ' : ’ :

Cormsider the conicoid given by
ax’+by’+cz?< 1 L)
and the straight line |
| x—a_y-B_z-y
I m n
Any point on the line (2) is (ot +1Ir, B+ mr, Y+nr).
If it lies on the conicoid (1), then r is given By the quadratic
r*al® +bm? +cn 2y + 2r(acd + bPm + cyn)
+ (@’ +bp2+cy’- p=0. ... 6

raight line (2) be a generator of the conicoid, then it lies
y on it, that is, (3) must be satisfied for all values of r. In other

=7 (say). ... (2

If the strai
wholl

words, (3) then becomes an identity and the conditions for that aré
C Wabmirente 0
aod + bBm+cyn= 0 ' AR )

ane a0’ + bR+ cy? = 1. e @
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G]

The . int ( '
that is, the point (0, 0, 0) and parallel to the generating lin
. 4 e

(onic®’ d
y_ % are generators of the cone

%‘ L
ax*+by*+cz’=0,
the asymptotic cone.
aox+ bPy +cyz= 1, |
the equation of the tangent plane of thg conicoid at the po.int

which is called

The relation
coéines aré l/ m,

which is
(aly ﬁl Y) ‘
The relat

The equations

chows that through any point on _
lines (real, coincident, or imaginary) entirely lying on,

Cor. 1. By Lagrangé’s identity, we

(o2 +bB?) (al * + bm 2 — (aod +
Using (4), (5) and (6), this gives

A-cy?) (en’)= e

ion (6) shows that the point (, P, 1) lies on the conicoid. -

(4) and (5) give two sets of values of 1, m, n. This
the conicoid there pass two straight
the conicoid- -

have
bpm) 2= ab (om = BD "

2_ gb (am—PBD°

or, - cn?=ab(om=B)’
2
0],', —n-I-— ‘I- _—:-..E—-.'
(an Bn) ab
n is real only if two of the

From this relation, we ObS€rve thatl:m;: _
coefficients a, b, c will have the positive sign vyhile the third will have
Negative sign. Thus the hyperboloid of one sheet 15 t

Which can be a ruled surface- | e e 22
Cor. 2. of the paraboloid 4% +by’= 22
Proceeding ilr? : ;gia;aessv ay, we see that he.straight line (2)
Will be its generator, if , s gy= 0
s generator, b o n= 0, a7+ P I
| : S i ' nly when
From the f . it is seen that L:m will be real, oty W
7and p Wiel:l li-:tvzqgabg:ite signs- that .casé the paraia;)olmd ‘ie‘;
Z‘Ygerbo]jc paraboloi%P Thus only the hyper,bohc pambalo s are i
Urfaces, | '
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9.4. Generating lines of a hyperboloid of one sheet,

Consider the hyperboloid of one sheet given by

h) \2 2

A\ Y 2_1,-

._-_.5 -+ e o ——

b:‘ C2 PRILA (1)

' X, z y
which may be put as (5— %](EJr EJ: [1 a ,I;)(l + %]

Consider the straight line given by the equations

o Fig.28

straight J; ies ' |

we g%t d]ilflf‘grgazn)tl],% Wholly on the surface (1). For different values of i

is the h)’Perbo]os-)(ljmlght lines all lying Wholly on the sucface (1), ¢hich

the equations (.9 ©f One sheet and as such the straight lines given by
ns (2) are the Benerating lines of (1).



Hoany
Q‘&V

cactly i0 the similar way, we can show 'that the straight lines
e the equatiqns Py , ' {22 02
a ¢ b

w5 o | (3)
£+£=1{1_1]
a coml b

lie entirely o1t the surface (1) and hence are its generators.
Thus we see that,as A and p vary, we get two systems of straight

lines such that every member of each system lies entirely on the i

hyperboloid of one sheet and hence the surface.is a ruled surface .
having twWO systems of generators.

different systems of variable straight lines.

‘Note. The two systems (2) and (3) are called reSpectively. the A-system ahd
the p-systent of generators.

9.5. Properties of generating lines of hyperbqloi-d of one
sheet.

 (a) No two generators of the sante system intersect. |
Let A, and A, be two different” values of A, for which the two
generators of the A-system are hb A4 ' K 5

¥ )
£_£=1{1_z} UG

a ¢ b
( g

£+£=l;1fi : 2)
a c ).1K b '

: (y '
£"5=*21’E]ﬂ ®
a L
x,z_1 L 04y
Xy == 1+ |
a ¢ lz( b)

Subtracting (3) from (1), we get

- r)| 1- 2 |= 0

.NOW' since iy # M., therefore Y = 'b.

Again subtracting (4) from (2), we get ‘
Ll ¥ | o whichgives ¥=~ b.
[ VW )[1 + b ) :

ApEapge T T R

s

» a-:M-x«“gvrr—-fWrﬂ-ﬂ—F?‘mrw-v'm

R e T i
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iving two generators of the same System

Thus the four equations g he two generators do not intersect.

s . - hence t 3

e not consistent and o . _

i F this, it is clear that the hyperboloid of onte sheet is a skew Strface,
rom ’ *

(b) Any two generators of te different systems intersect.
Consider two generating lines, one of each system

5_g=l(1_i , . o4 (1)
a c L b
x, z_1(,,.9).
= —_= - 1+“— ’ (2
a" e M bJ )
; ,
fied) >
a ¢ \
b 1( Y
2+ =212
- hie | b) (4)
From (1) and (3), we have
l(l—%)zp(l+%). Therefore %z%iﬁ .. (5)
Then substituting (5) in (1) and (2), we get
Xz M qx, z__2
a ¢ A+p a ¢ A+p
Therefore X— 1+Au and 2= 1=Au (6)
a  A+p c A+p

These values of x, i, z,ag givenby (5) and (), satisfy the equation (4)

also Proving that the two enerating | :
’ erating lines of
at the point & g of the two systems intersect

(a 1+Ml,b}—_-—H,C1_M
Atp " A4 A+p )
It cain easily be verifieq that thi

2
X 2
. A - -
a? p2 ‘“Cz-landhencethee

$ point is on the hyperboloid

. quations (5) and (6) represent its
Parametric equations.

(c) Through eve - .
¢ Cry point o » ) - 3
senerator of eqcyy Sl/stw’n_ of the hyperboloid of one sheet, there passes one
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et (& B, Y be a point on the hyperboloid
2 2 7 2 o 2 2 2
2 Yy _Z =1, sothat — P _Y_ '
. a1+b2 c? az-'-b2 cz_'l' (1)
5 generator of the A-system will pass through the point (c, B, V)
4 has got a value for which . "
L c_ b
B o Y
=% T
2 2 2
a’, B -Y—3 = 1, which is true by (1)-

which ives —5+ 777
Lot at b° €

Gimilarly, a generator of the p-system w
(a, B, Y) for which
a ¥ B
= a-'c_ b :
1+ B, X
b a ¢

(d) Two intersecting generators belonging to the kwo systems licona plane,
boloid at their point of intersection.

which is tangent to the hyper
A plane through the A-system of generators of the hyperboloid is

E__z__. . — 5_ _Z__ _1 i =
== x[l %) k{[a+c] x{1+ b)} 0 L. )

and another through the p-system of generators is

xX_z_ o l(x, 2)- Y- L0 e
a ¢ ”[H%} K{(aJrC) ﬁ(l b)} 0 i

It is easy to verify that when k= ¥ = — M, both these eduaﬁons

reduce to the same equation
1-M_ 4
'

x1+ M yArA-B_Zo——r
2 A+ L DbATH c A+ 1
which is also the equation of the tangent plane to the hyperboloid at
the point of intersection of the A-and p-systems of generators.

Note. A plane through a generator is a tangent plane to the hyperbnluid at

SO} .
me point of the generator-

ill pass through the point .

T ST—

T8 A E———— T

—————— S —
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9.6. Generating lines of a hyperbolic paraboloid.

Let the equation of the hyperbolic paraboloid be

}_: — l'!-z— = 22 / C. (l)
a* b
x, V| X_VY |-
which may be put as [;1— *+ J[ P ] 2z.
Consider the straight line given by the equations
X_Yopg, X482,
a BT @

A being a constant.

Eliminating A from the two equations (2) by multiplication, we get
the hyperbolic paraboloid (1). Thus all points which satisfy (2) must
also satisfy (1) and hence it is proved that the straight line (2) lies
entirely-on (1). As A takes different real values, the straight line (2)
moves and completely generates the hyperbolic paraboloid.

Exactly.in the similar manner,we can prove that the straight lines
given by the equations '

X_Y¥Y_2 x_ y_
a~b 'u’a+‘b Hz (3)

lie entirely on the surface (1) and as such are its generators.

Fig. 29.

Thus the

hyperboloid js
: ld S "
lines. Is 4 ruled

surface having two systems of generaling
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G/
ot line (2), for 11 . |
The straiB ( all values of A, is parallel to the planc

, Y0 and the straight line (3) is, for all values of y, parallel to the

=\

x_ Y= 0.Thus the ;
ane’s generators of the hyperbolic paraboloid are

paranel to one of the two fixed planes

X, Y .
=+ =0 X Uas
a b or 1 E"O-

Note. If & second d.egr(.te equation .rcp.resents a ruled surface having two

distinct sets of generating lines, then it is either
(ia hyperboloid of one sheet which is a central conicoid

or (1) A hyperbolic paraboloid whose generators are parallel to a fixed
plane-

9.7. Properties of generators of a hyperbolic paraboloid.

(n) No two generators of the samce system intersect.

The proof is similar to that of the case of a hyperboloid of one sheet.

Thus Hie hyperbolic paraboloid is a skew surface.

(b) Any two generators of the different systems intersect.

Consider two generators, one of each system,

ks M
a b
a b A
a ‘b H
x, ¥Y=-pz. (4)
a b
From (1) and (3), W€ have
Az = 2 whence 2= e
= .'I , i
Adding (2) and (3), W€ get
2xX - 24, whence XY= Ve
a A (" | At
and subtracting (3) from (2), W€ get .
21_—_2._..2_, whence Y= b-"l—):;—.

b » M
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Hence the point of intersection is
. AtH oy p-Ar 2

T A )
s of A and M, the co-ordinates satisfy the equations of

For all value nd
the hyperbolic paraboloid

5_2._ lf = 22z
a 2 b 2 f
whose parametric equations can be put as
At B2
Ap p AL
(c) Through every point of the hyperbolic paraboloid, there passes one
generator of each system. ,
Thé proof is similar to that of the case of a hyperboloid of one sheet.

(d) Two intersecting generators belonging to the two systems lie on the
tangent plane to the hyperbolic paraboloid at their point of intersection.

xX=a

A plane through the A-system of generétors of the hyperboli'c

paraboloid is |
X_Y_ skl X 822l
=" b Az + {[a+b) l}

and another plane through the p-system is

X_Y_ 2 pllx ¥Vt
i H+ {[a+b} pz} 0

When k= k' = —i—:— , bath these planes reduce to

which is the equation of the tangent plane at the point of intersection
of the generators.

Note. A plane‘through a generator is a tangent plane to the paraboloid at
some point of the generator. . |

9.8, Illustrative Examples.

Ex. 1. Find the equations of the -generating lines of the lzypérbﬂlmd

x 2 2 z 2 .
T 1% " e = 1 which pass through the point (2,3, —4)-

[N.B.H.1979]
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—

etthe equations of the generator through the point (2, 3, - 4) be

T ’ S

| nt n

L, peing its direction ratios.
N /

Any point Q2+Ir,
%(2+’lr)2+ —3(3+mr)2- T‘;(—4+nr)2= 1

2 2 2
,2(1__+ m__ 11—)+ 2r(21+ s, éﬂ]= 0. -

3 + mr, — 4 + nr) of it lies on the given conicoid, if

.

s 4 9. 16 4 9 16

The conditions that the straight line (1) is a generator, that is, it lies wholly
onthe conicoid are :
24 Ly?o Lp?=
:l + ;nl 16" = 0
17, 1 1., _
and e jm+ qn= 0.

Eliminating n, we get

2
2, m?_(Lym
—_t ——= ’
4 9 2 3

whence - %lm: 0, giving either j=0 or m=0.

If | = 0, then -%1—+-z-=0, or,ins-:—:"-i.
i - 1, n_g ori=2
| m 0,then2+4 o1 -
Hence the generators are:
x-2_Yy-3_ 244 ,nq 2=2= y-3_z+4
Second method :
The equations of the generating lines of the twO systems are
X, Zo y)x_z=1 -'l] 1Y)
¢
1 Yy Q
s and _x___Z_= -y-’£+£=—-(l— ]. & o ()
> g3 P (1 ¥ 3} > 3 pl 3
Ifth : h the point (2. 3, — 4), then from (1), A = 0from
e generators pass throug Ptem of generators is given by

both the equations. Hénce the first sys
X Z__ .1 - l = 0.
-i + == 01 1 3

Similarly, from the equations (2), we get U= 1.

%
!
|
'
| 4
.
.,
i
¥
|
b
g
i.
!
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Examples IX
1. Show that xz_-9y.2.= 2 is the ruled Su_rface generated by the
family of straight.lihes gIven by

v+ 3y A= 0, Ax=3hy=2=0,

whereAisa variable parameter.
»_ Find the equations of the generators of the hyperboloid

() x*+4y’-9z 2= 25 passing through the point (3, 2, 0).

(i) x 2yyi-4z 2= 9 passing through the point (-3, 4, 2).

i) 9xi-y 24 z%= 9 passing through the point (1, 1, 1) .

N

2 2
{iv) :%-+ -1/9—‘— % = 1 passing through the point (2, -1, 3).
2 2 2
(v) g—z + *Z—z— —i—z = 1 passing through the point
(acosa,bsina,0). [C.H.1984; B. H. 1994 ]

3. Fipd the equations of the generators of the paraboloid
(i) 9x2?—-25y’= 4z passing through the point(1,1,~-4).
(i) 4x*-y*=7z passing through the point (-2, 3,1).
(iij) 4x*-y?= 8z passing through the point (-3, 2, 4).
(iv) 16x 2 -9y %= 4z passing through the point (1,0, 4) .
4. Find the equations. of the generating lines of the hyperboloid
Yz +2zx + 3xy + 6 = 0 which pass through the point (0, - 3, 2) .

5. Find the equations of the i i L
| the generating lines of the paraboloid
g;l.ggfz)(deﬂ: y—2z)=.6z which pass through the poinlz (L11.
ind the angle between the generators. [ N. B. H.1993]

6. Prove that the generators of the surface
yz+zx+xy+a’= 0 through the point ( 0, am, - _a_)
| m

are x(1x m)=am—-y= F(mz+a).

7. H e, :
nd tzhe equations of the ‘generators of the hyperbolol'd

x2 2

—
— —
=

25" 16~ 4 — 1 which are paralilel to the plane:

8x +10y +20z - 11 = 0. [ V. H.1987]
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-
; .o x=2 +1 z-3
g, If the straight line 3 U 6 =3 03 be a generator of the
2 2 2
hyperboloid i—;*‘ %5— -'z-*;= 1, then showthat a= 2, b= 3, c= 4

9, (s) Show that the straight lines x+1= 0= z-3and
x+1 — y _z-3
1 -1 - q
jie entirely on the hyperboloid yz +2zx+3xy+6= 0.
(b) Show that the straight line 3x-5y= 2z, 3x+5y= 2 lies
entirely on the paraboloid 9x 2_25y%= 4z.

x+2_Yy_z-1
2 3 =2

2 2
. X : ‘
of the quadric 7~ - %= z. [ C.H. 1980]

10. Prove that any pointon theline x+1= py= —(u+1)z lieson
the surface yz+zx+xy+y+z= 0 and find equations to determine
the other system of lines which lie on the surface.

(c) Show that the straight line

is a generator

11.(a) Show that the equations x=1+Ay=-1+ -zf- represent a

generator of the hyperboloid x 2-2yz= 1.
(b) Show that the equations
y-Az+ A+1=0, A+1)x+y+Ai=0 e

represent, tor different values of A
hyperboloid Jotert gt le O , generators of one system of the
- () Show that x* —9y? =z is the ruled surface generated by the
;f{ﬂlly of straightlines given by x+3y~A=0, Ax -3y ~2=0, where

Is a variable parameter. [K H.2010]

" 12, If.the generators of xy = bzincludea constant angle 6, then show
at then'l points of intersection lie on the curve of intersection -of the
Paraboloid and the hyperboloid o

x*+y?—z’tan?0+b*= 0. [B. H.1985]
(in& Detenznine the two sets of generators of the paraboloid
Paralfy +72)*— (x+y+2z)®= 4x—y+3z and prove that they are
el respectively to the two planes '
(2x+3y+7z)+ (x+y+2)=0

and (2% +3y+7z) - (x+y+2)= 0.

Er




